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PREFACE AND EXPLANATORY REMARKS 

Social sciences for a long time were considered, and frequently 
still are considered, to be definitely distinct from the natural sciences. 
Yet the fundamental object of study in the social sciences is man, a 
form of animal, and therefore an object of study of natural science. 
Human behavior, which is the determining factor in many, if not in 
all, social relations, is tlie object of study of psychology— that is, of 
a natural science. The eminent ecologist W. C. Allee chooses the fol- 
lowing subtitle for his book on animal aggregations:^* “A Study in 
General Sociology.” With good I’eason, sociology may be considered 
as a very special branch of ecology. The latter is defined as the study 
of the interaction between organisms and their environment. This 
environment, however, consists to a large extent of other organisms. 
The object of social sciences is the study of the interaction of indi- 
viduals or of groups of individuals with other individuals or groups. 
The latter are part of the environment of tiie former. 

Mathematics has been a most important tool in the older natural 
seienees— the physical sciences. For the younger biological sciences 
its use on a larger scale has been introduced only within the last few 
decades. Mathematics in biology is, however, rapidly establishing it- 
self. A number of books® in the field of mathematical biology and the 
existence of a jouraal devoted to that field-* clearly demonstrate the 
advances made. 

If we consider social sciences as part of biological sciences, then 
it is only natural to introduce mathematical methods into the former. 
It is also natural, ho’wever^ to exp^ serious objections to such an in- 
troduction, objections similar to those which were made in the past 
towai’ds the introduction of mathematics into biology. It may be 
claimed that the social phenomena are so complex: that any mathe- 
matical treatment, with its necessary oversimplifications, is and will 
remain impossible. It also may be claimed that social relations and 
social concepts are fundamentally of a qualitative nature and there- 
fore are not amenable to mathematical treatment. Let us consider 
the two objections separately. 

There is a great difference between the statement made by mathe- 
maticians that ail algebraic equations of fifth degree cannot be Solved 
by radicals and the statement tiiat mathematics cannot be success- 
fully applied to social phenomena. The first statement is a necessary 
consequence of a set of axioms and postulates on which mod^ alge- 
bra is based. It is a statement wM^ can be proved with mathapia^- 
' * » 

* In this bock all nontbexed references are gives at end of each 
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cal rigor. It is not a mere opinion on the subject, and on that subject 
there are not, and caimot be, two different opinions. An attempt on 
the part of any person to solve a general fifth degree algebraic equa- 
tion by radicals would merely indicate a complete ignorance of higher 
algebra. 

The statement that social phenomena (or for that matter, any 
given phenomena) are not amenable to m a thematical treatment is in 
essence an opinion, based on the fact that hitherto no successful ap- 
plication of mathematics to social phenomwia has been made. While 
no one can deny this fact in the past, it is legitimate to challenge such 
a pessimistic extrapolation into the future. History of science has 
seen so many examples of such negativistic opinions that no scientist 
can take them too seriously. The complexity of social phenomena will 
tax the ingenuity of the mathematician, but there are no indications 
whatsoever that above a certain degree of complexity phenomena be- 
come refractory to the mathematical method. Mathematics is not a 
dead science. It discovers more and more new methods to cope with 
difficult and complex problems. 

It may be correctly remarked that the more optimistic opinion 
regarding future uses of mathematics in social sciences is also nothing 
but a statement of belief. We concede this point, but we remark that 
this more optimistic opinion not only is supported by the history of 
natural sciences, hut also leaves the door open for further attempts 
at new developments instead of closing it forever. 

Now let us consider the objection that social phenomena are es- 
seniially qualitative in nature and therefore are not amenable to math- 
matical treatment. Again, we must concede that not only in social 
sciences, but also in some natural sciences, we sometimes deal with 
relations of a qualitative nature. Mathematics, however, can fre- 
quently be used in such cases also. Such branches of mathematics as 


Boolean algebra or topology may well be said to deal with qualitative, 
rather than quantitative, relations. The usefulness of Boolean alge- 
brj^< in the theory of some neuropsychological phenomena has been 
demonstrated.* But in the field of social sciences we observe such 
tariai phenomena as) for example, the distribution of national in- 


eomes in different countries, different incidence of crimes, different 
tootsie 'ftates, different kinds of sbifts between urbqn and rursl popu- 
different Incidence of inventions, etc. Those are definitely of 
natuna Using statistical methods, we may empirically 
Sdlme mathematical relations between vatiotta quantities 
(8^ 'Ui.e no-tOTid scientist, Kow^vet^, does not remain 

jppmjnfitative empini<^i5rela^op. U® atfcerdpta to 
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thus to build a systematic theory which not only enables him to de- 
scribe correctly already known quantitative relations, but also to pre- 
dict new relations which have not yet been observed. 

Thus an objection to the use of mathematical methods in social 
sciences based on the allegedly qualitative nature of social phenomena 
would indicate both a lack of knowledge of more qualitative branches 
of mathematics and a disregard for a large array of quantitative so- 
ciological facts. 

There remains, of course, the possibility for some students of 
social phenomena to say merely that they are not interested in any 
"mathematical Uieorizing” and that such theorizing does not even 
constitute social science. Nothing can be said against such an atti- 
tude which amounts to a narrower definition of the domain of social 
sciences. Like any other definition, such a definition is perfectly legiti- 
mate, although also purely conventional. 

Quantitative studies are not new in social sciences. They are 
found t9 some extent in a very large number of books on sociology. 
Of all such studies one should receive special mention in connection 
with the present work. We refer to P> Sorokin's'’ “Social and Cultural 
Dynamics,” which is particularly permeated with the quantitative 
spirit characteristic of natural sciences. It has been objected that the 
data used by Sorokin ai*e not always reliable and that therefore his 
quantitative conclusions are of doubtful value. Such an objection, 
however, misses the point entirely. In the early development of phys- 
ics, the data used were also crude and frequently unreliable. But they 
gave some crude quantitative idea about different phenomena. The 
law of Dulong and Petit, stating that the molar specific heat of solids 
is a constant, is an example of such a crude set of data. We know now 
fhat it holds in a very limited range of temperature, and at that only 
as a rough approximation. No one would use that “law” now when 
we have the much more exact equation of Debye. But no one will also 
deny the useful role that law played in physics. 

What has been hitherto lacking in social sciences is a systematic 
development of a mathematical theory which would suable us to derive 
various knoivn quantitative relations. S. C. Haret’s® “Mdcanique So- 
dale” has been doomed to failure, in our opinion, because of a too literal 
imitation of physics. The tremendous achieveiqents which physics has 
made through the use of mathematical methods indicates the useful- 
ness of following the same method in other scienees—in particular, in 
sociology. But the imitation of the method does not mean, a lit^al 
imitation of form. Whale, as we shall attempt to show in this book; 
there is every reason to justify the use of xhathemalics in sociology, 
there is no reason whatsoever to justify the assumption that the mathe* 
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niatical equations which govern social phenomena are of the same 
form as the equations of Newtonian mechanics, as Ilaret postulates. 
Even in different fields of natural sciences entirely different branches 
of mathematics are used. Hai’et unitates the physical sciences in the 
letter rather than in spirit. 

In the present volume the author attempts to outline a system of 
mathematical sociology in the spirit of mathematical physics and 
mathematical biology. As we have seen above, objections to such an 
attempt cannot be considered valid. But any statement in favor of 
such an attempt must remain just as invalid until the success of the 
attempt is proved by actual demonstration. An attempt at such a 
demonstration is made here. The task which the author undertakes 
is a difficult one, and he is well aware of the fact that others could 
do the same thing in a much better way. Someone, however, has to 
start a new field despite the fact that the first attempt is likely to be 
full of shortcomings, as is actually the case with the present book. 

To facilitate critical reading and better understanding of the 
book, let us briefly review the most important shortcomings. 

A mathematician is likely to find the mathematics used here too 
elementary to arouse his interest. On the other hand, a person with 
only a reading knowledge of mathematics is apt to feel the presenta- 
tion is too short and therefore difficult to follow. Striking the golden 
middle, if such a golden middle exists, is a difficult task, and the au- 
thor is ready to concede that he has not achieved it successfully. 

It is a bad policy to begin a book with relatively complex and dif- 
ficult mathematics and continue it with the use of much simpler meth- 
ods^ However, this is what the author is doing. The first two chapters 
involve some knowledge of integral equations, a knowledge which 
many readers may not possess although they may be well equipped 
to understand most of the relatively simple mathematics throughout 
the rest of the^book, 

Jh the first chapter the author establishes some general mathe- 


matical relatioua which are likely to describe the structure and be- 
a society. Those relations are sometimes in the form of in- 
hqualiauB. Since the actual solution of such equations is diffi- 
impractical, the author resorts in chapter iii to a 
which reduces Ihe problems to ordinary dlffer- 
du&r ^gjlcally* the presentation of the general problem 
fcsiped. Didactically, however, it might have been 
'sj^okimate.lpeatmen^ first and then at the Cfid 
all generality. 0ne qxcuse for f ollcw- 

is that aithpuj^ the no^iop^ of 
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solution of any integi’al equation is attempted in either of the first 
two chaptexs. Moreover, the discussions on pages 3 and 4, which re- 
quire only elementary knowledge of integral calculus, lead rather nat- 
urally to the discussions on the following pages, and any reader with 
the knowledge of integral calculus is not likely to experience any dif- 
ficulty. It may be added that a less mathematical reader may skip the 
first two chapters if necessary. 

The various relations established in chapter i give a general 
mathematical description of some social phenomena, such as distri- 
bution of some activity among individuals of a society, formation of 
social groups, spatial distribution of individuals, and occuirence of 
possible instabilities of a society. These equations are, however, of 
little practical value, partly because of the generality of their formu- 
lation, partly because of the mathematical difficulties involved in their 
solution. Chapter ii is essentially a continuation of chapter i. An at- 
tempt 13 made here to illustrate how some sociological quantities 
which cannot be measured directly can in principle be indirectly com- 
puted, But again Ihe discussion remains on a rather abstract level. 
The rather abrupt ending of both chapters i and ii also is a decided 
shortcoming in the presentation. 

In chapter iii the author introduces an approximate method which 
at once avoids the use of integral equations and even of more simple 
integral expressions. This approximate method is used throughout 
most of the book. Although the autiior emphasizes that a sharp divi- 
sion of a society into "active” and "passive” individuals is only an 
artefact, used for mathematical expediency, the reader may perhaps 
gain the impression that the assumption of such sharply defined class- 
es is an essential sociological postulate used by the author. That this 
is not so is demonstrated in chapter iv, where it is shown that results 
essentially similar to tiiose of chapter iii are obtained by considering 
a much more realistic case, in which various characteristics of indi- 
viduals vary continuously and where no sharp distinction between 
classes exists. The discussion of chapter iv does not, however, dispose 
of all the objections which may be raised to chapter iii. First of all, 
only one of the eases treated by the approximate method in chapter 
iii, namely, the case of constant coefficients of influence, is generalized 
in chapter iv. Second, the introduction of the ihreshold quantity A 
(page 36) leaves the generalizatinn rather unsatisfactory. The elimi- 
nation of the quantity A and the extension of the method of chapter 
iv to other ca,ses treated in chapter iii is definitely heeded. A fur&er 
serious shortcoming of chapter iii is the limitation of the treatetent 
to only two active classes. An exteision to any number should be 
made. The author is happy to state that between the time whe?^ the 
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manuscript of tiie book went to the printer a year ago and the time of 
the writing of this preface, a large portion of the above-outlined pro- 
gram has actually been accomplished and is awaiting publication in 
its turn. 

Returning again to chapter iii, legitimate objections may be 
raised to the rather simple assumption of linearity which leads to 
equations (2) and (3) . It may be more natural to assume that the 
frequency of interaction between active and passive individuals is 
proportional to the product of their respective numbers. This would 
lead to non-linear equations, with possibly very different results. The 
only justification for the assumption of linearity is its simplicity— 
an argument frequently honored in mathematical sciences. Further 
studios must, of course, include possible non-linear cases. 

Another shortcoming of chapter iii should also be mentioned. The 
reader may gain the impression that the behavior of a social group 
will change only if Xo or 3/0 changes. This, of course, is not so, because 
inequalities (8) and (9) may be reversed by varying the coefficients 
Co , Co , and a . Although most readers will see this, a more explicit 
statement to that effect should have been made in the text. 

As pointed out at the beginning of chapter v, the reader is likely 
to be puzzled by the crude economic concepts introduced there, in spite 
of the existence of much more developed mathematical theories of 
economics. This, as explained, is due to the desire to emphasize the 
social aspects rather than the purely economic ones. The chapter sug- 
gests a mathematical description of some simple socioeconomic rela- 
tions. The author, however, is fully aware that it is probably tiie 
weakest chapter in the whole book. 

The first section of chapter vi deals with an extension of some 
considerations of chapter v , and suffers essentially from the same 
defects. The second section introduces a new approach, which is also 
used later in chapter xix. The main objection to that part of the chap- 
ter is its sketchiness and lack of further elaboration. 

At the end of chapter vi the author gives what may be ''consid- 
ered the first “application” of the theory. After outlining a general 
program for a mathematical study of some economic relations, he de- 
rives sh approximate expression for the per capita incomes of differ- 
ent countries and compares the calculated values with available data. 
Kany readers wffi. undoubtedly be appalled by the crudeness- of the 
derivation. Although the author points out that equation (43) is de- 
rived only as an illustration, this should be emphasized murii more 
strongly. 

From a set of postulates we may develop a theory and theu com- 
pare the quantitative coneequence^ of the theory with observations ih 
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order to see whether our postulates lead to correct predictions. In 
such a case the derivation must be sufficiently rigorous and the ob- 
servations reliable. However, if we have a field in which such a pro- 
cedure has not been used before, we may wish, even before develop- 
ing a sufficiently complete theory, to give an example of what kind of 
relations a theory may predict and what sort of data may be needed 
for comparison with the theory. It is with such a purpose in mind 
that the author derives equation (43) of chapter vi and some other 
equations in subsequent chapters. The crudeness of the derivation is 
then somewhat justified. In all such cases the author is also fully 
aware of the inadequacy of the data he used, and he did not make any 
special effort to select critically the best data available. These re- 
marks also must be kept in mind when reading chapters vii, x, and 
xvii, where other expressions arc derived and compared with obser- 
vations only for the purpose of illustrating the general method. 

The presentation of chapter viii is somewhat too condensed. It 
might have been wiser to explain in detail the reason for studying 
situations in which the effort of individuals to achieve a certain goal 
decreases with cumulative success in the past. Psychologically, how- 
ever, such a situation is rather plausible. The same objections which 
were raised with regard to chapter iii hold for this chapter. 

Chapter ix outlines a possible quantitative treatment of the con- 
cept of individual freedom. Two cases are discussed, as an illustra- 
tion only. Many other possibilities, of course, are present The gen- « 
eral conclusion that individual freedom, as defined in that chapter, 
decreases with increasing number of individuals seems to lead, as 
pointed out to the author by Dr. A. Rapoport, to a peculiar paradox. 
An individual confined to a solitary cell in jail is deprived of his free- 
dom and yet is also removed from contact with other individuals. It 
must be remembered, however, that no individual lands in jail with- 
out first coming into some kind of conflict with other individuals. 

Much of what has been said about chapter vi can be said about 
chapter x. The assumption e.xpreased by equation (4) certainly does 
not correspond to actual facts. This objection may be overcome by- 
considering, instead of per capita production, per capita satisfaction, 
as discussed in chapter vi. An individual -will then move either to tiie 
city or to the country, depending on where his satisfaction will be 
gi-eater. The satisfaction s is, in general, a function not only of or 
p , , but also of other factors which -will enter as parameters Xt - In- 
stead of equation (4) we then shall have 

(P« > (Pr I > 

where «« and s, are different prescribed functions. The same remarks 
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may be made about chapter xi. 

In chapter xii and attempt is made to denve the distribution of 
city sizes on a different basis. The derivations are rather involved, 
and the results none too definite. The approach could stand a great 
deal of improvement. 

Chapter xiii is decidedly too sketchy. It may, perhaps, create the 
impression that the mechanism of history suggested there necessarily 
follows from any general mathematical theory. The author empha- 
sizes, however, tiiat this is not so, and that other mechanisms may be 
conceived. 

Chapters xv and xvi suffer from diametrically opposite defects. 
In the former, the mathematical treatment is too simple and hardly 
corresponds to reality. In the latter it is too involved and suffers from 
lack of elegance. Instead of studying several special cases, a general 
solution should have been given, if possible. 

All that has been said above concerning section II of chapter vi 
must be said again about chapter xvii. All examples treated there are 
to be considered as illvsirations only. In the subsequent development 
of the theory, tho general method used in chapter xvii could be ap- 
plied, however. Instead of using relation (1), which does not corre- 
spond to facts, the relative values of Xo and y# could be computed from 
a comparison with appropriate observations of different relations 
which, contain ihose values. 

Chapters xix and xx lead to some interesting consequences. How- 
ever, as the author emphasizes there, those consequences are obtained 
only with the particular set of assumptions made. A change in any 
of those assumptions may change the results. If, after reading chap- 
ters xix and xx, anyone “jumps at conclusions," he does so at his 
own risk! 

The concept of satisfaction function seems to be very useful in 
the mathematical theory of social behavior. Following the approach 
suggested in chapter xix, Anatol Rapoport has obtained very inter- 
esting results in the theory of motivational interaction of two indi- 
viduals.^ In a still unpublisbed paper Anatol Rapoport and Alfonso 
Shimbel show that animal behavior can also be described in terms of 
a satisfaction function, the form of which could be determined by 
properly designed experiments. 

The discussion of chapter xxi is agalp. intended primarily as an 
illustration of a possible quantitative approach to history. TRe 
gested assumption of a connection between the original distance Of 
migration of a popula^^ion the number of active individuals in 
cannot, of course, be accepted in tliAs siipple fowp. Front such* ah as* 
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sumption we would expect the largest percentage of active individu- 
als among such peoples as Eskimos or American Indians. There is a 
possibility, however, that while the assumed connection exists, other 
factors not yet known upset it in some cases. 

The last two chapters deal with the mechanism of physical con- 
flict between social groups, and contain an outline of a possible mathe- 
matical theory of war. In its present form the theory is oversimpli- 
fied. Further mathematical developments, however, should enable us 
to treat many aspects of war, using available material such as, for in- 
stance, Quincy Wright’s “A Study of War.”® 

After reading all the self indictment above, anyone may legiti- 
mately wonder why the book has been published at all. Let us look 
at some positive sides of it. 

It is shown how the structure of a society and the behavior of its 
members can be mathematically described in terms of integral equa- 
tions. It IS shown how social groups or classes are formed withtn a 
society and equations are derived which determine the size and num- 
ber of such groups. It is shown how the interaction of these groups 
determines the behavior of a society as a whole, and it is shown that 
this behavior may change either gradually or suddenly, in. a revolu- 
tion-like manner. Equations are derived for ihe time intervals be- 
tween such sudden changes and for the speed of the changes, and the 
calculated values are found to bo of the same order of magnitude as 
some observed ones. Mathematical relations are derived which gov- 
ern the physical conflict between social groups. The outcome of such 
conflicts is shown to depend not only on purely physical factors, but 
also on such psychological factors as morale. A theory of “breakdown 
of raoiale” is suggested. 

It is shown how mathematical relations could be derived for such 
diverse sociological quantities as national incomes, sizes of cities, ra- 
tio of urban to rural population, crime incidence, divorce rates, war 
expenditures, and cultural productivity. Each case is illustrated by 
actual examples. 

It IS for the reader to decide to what extent all this compensates 
for the shoiteomings of the book. 

The aut|ior wishes to express his thanks to all those who helped 
him in the preparation of this work. The largest part of the manu- 
script has been typed by the author's wife. Some chapters W®*!® lire- 
pared by Mrs, W. Maertz. To Dr, Anatol Rapoport the authbr fti-* 
debted for a very critical discussion of the final manyscyipi and 
the checking qf ^1 calculations. Professor Harold T* Davk^ Ms jwsb 
read the manuscript and made valuable cointaentsj Jdirs. 
had the important but unrewarding tftsk of painstatdn^ly 
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proofreading. Mr. J. B. Roberts and Mr. A. Shimbel have also checked 
some of the chapters in galley proofs. 

To the Editors and Publishers of Psyehometrika the author is 
indebted for permission to reproduce several illustrations from pre- 
vious papers by the author. Each illustration is properly acknowl- 
edged in the legends. 

To the Principia Press the author vdshes to express his thanks 
for their cooperation in the process of publishing the book. 

Last, but by no means least, the author wishes to remember the 
usually forgotten man in the process of the manufacturing of every 
book. Mr. L, L. Dentan and every member of the staif of the Dentan 
Printing Company, especially Mr. Dwight Taggart, have contributed 
their difficult share in manufacturing the book during this period of 
a wide labor shortage in the printing industry. The author's prob- 
ably rather exasperating proficiency for numerous last minute alter- 
ations made their task even more difficult. It is a real pleasure to 
acknowledge their excellent work. 

Chicago, Illinois N. RAshevsky 
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INTRODUCTION 


In the absence of any other individuals, the behavior of an in- 
dividual would be determined by his immediate surroundings, his 
psychophysical constitution, and his past history. Mathematical Bio- 
physics has shown that a physicochemical interpretation of many 
rather complex psychological phenomena is possible.^ If the real in- 
terpretation were actually known, those purely psychological quan- 
tities would be amenable to quantitative expressions in terms of the 
intensities of the corresponding physicochemical processes in the or- 
ganism, and natural units for their measurements would thus be es- 
tablished. Our very limited knowledge of those underlying physico- 
chemical processes makes such a thing still impossible at present. But 
inasmuch as we admit a physicochemical interpretation of psychol- 
ogy, we should not hesitate to introduce such things as "desire” or 
"will” as quantities in our equations and consider them measnrable 
in principle, although they may not be measurable directly. As a noat- 
ter of fact, such an introduction of those quantities into our funda- 
mental equations may ultimately result in the possibility of their in- 
direct measurement. In developing mathematically the consequences 
of those equations, we may arrive at expressions which connect those 
quantities with directly measurable ones. Such a procedure is not 
unfamiliar to physics and, in our opinion, those psychologists who 
declare war on anything which is not directly measurable and invoke 
as a justification of this war the example of physics, are “plus royal- 
istes que le roi.” 

In classical electrodynamics such fundamental things as the elec- 
tric and magnetic vectors are not direetly measurable quantities. They 
are measured by definition by the force which is exerted on a unit of 
charge, and the force is also measured indirectly by measuring dis- 
placements of a dial on a scale or by observing accelerations. Of 
course, the indirectnese of the measurements here is relatively small, 
but this does not affect our argument in principle. Some may quite 
legitimately prefer to define the electric and magnetic vectors as quan- 
tities that satisfy Maxwell's equations. The indirectness of their 
measurements then becomes still more evident. Physics has been at- 
tempting to eliminate quantities which ate not measurable in prisb- 
oiple, But there is a great difference between “measurable in 
blple” and “measurable directly.” In considering the prominent 

1 
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Of Schrodinger’s v^function and its generalization by Dirac, we may 
still question whether the complete elimination even of qmnMios not 
Measurable in pnnci'ple will be the ultimate goal of physics. 

As regards the comparative value of direct and indirect measure- 
ments, witness the fact that calculations of the values of e and h 
(electronic charge and quantum constant) from spectroscopical data 
lead to much more accurate values than diiect measurements. 

Inasmuch as at “present we are dealing with purely abstract con- 
structions, the introduction of some quantities not directly measure- 
able is justified a fortiori. 
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CHAPTER I 

GENERAL MATHEMATICAL CONSIDERATIONS 

I 

Denote the intensity of some activity i by a, . For a single iso- 
lated individual, will be proportional to the desire Wt for this ac- 
tivity, which is, in its turn, determined in general by the past history 
of the individual. If another individual is present, he will in general 
influence the activity of the first one. This infiuence will be deter- 
mined by tw'o factors: the desire w't of the second individual for , 
and the amount of influence which the second individual ejcerts on the 
first. This influence may be of different nature; it may reside in 
physical force (which happens to be an almost directly measurable 
quantity!) or in any other kind of influence, such as moral, religious, 
etc. Considering first the simplest possible law of interaction, a linear 
one, we shall put the influence of the second individual upon the ac- 
tivity of the first one as proportional to a coefficient of influence 
F' > Oof the second individual, and to wU . Hence we have 

a,=<xW{ + pF'w't , ( 1 ) 

« and being constants ; Wi and v/i may be either positive or nega- 
tive. If Wi > 0 , w'i < 0 , the second individual may be said "not to 
like i,” and attempts to reduce the activity of the first. 

Let us now consider a large group of St interacting individuals, 
and first suppose that there is only one kind of activity a which they 
all perform. We can characterize each individual in tins case by his 
F and w. In general all individuals differ from each other. There will 
be a distribution function 

N(F,w)dFdw, (2) 

which indicates how many individuals are characterized by values of 
F and w lying in the intervals F ,F + dF and w, w + dw. The dis- 
tribution function (2) satisfies the relation: 

•^0 

Every inflividual {F ,w) performs the activity with the intensity 

a 
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a(w) which is determined by his own w and by the influence of all 
oliiers. Accordingly, equation (1) now becomes: 


a(w) =aw + 


^n: 


N(F', w') F'w' dF' dw'. 


(4) 


In the most general case we may consider the function N (F , 
as possessing a finite number of discontinuities. In general we shall 
have an integral and an ordinary sum, the latter extending over sin- 
gle individuals who, due to their very large values of F , may exert 
a large influence on the activities of others. 

Equation (4) determines the activity of each individual in terms 
of the influence of the rest of the community upon him. 

We may consider a more general case of interaction which is 
closer to real conditions. We may assume the influence of an indi- 
vidual (F ' , w') on {F , w) to depend on the difference F' — F . If 
there is an influence only when F’ > F, then we have 


cl{F, w)~aw + f” N{F', w') (F — F) v>' dF' dw'. 
•'F Jo 


( 6 ) 


In the more general case, when there is an influence even for F' < F , 
we may put: 


/l «0 /•+00 

a(F,w)=aw + i8 N (F' , W) (F' ~ F) v/ dF' dw' . 

t/0 •/ •'OQ 


( 6 ) 


A still more general case to be considered next is where the activity of 
an individual is not only affected by his own desire for it and the de- 
sire of others, but where it is also affected by the activities of the oth- 
ers. An individual may imitate another one, and if this other individ- 
ual engages in an activity, i', with an intensity a', then the intensity a 
of the activily of the first individual will be the stronger, the stronger 
the a'. We have 

a = aw + p\F' — F\w' + yla', (7) 

where I may be called the eoeffiemtt of imitation and y is a constant. 
It is to be considered as a third characteristic of an individual, to- 
igeiher vrith F and w. We now have for ihe whole group of indi- 
vidjials: 

a(F, t,w)^aw + P w' dF' dl' iw' 


( 8 ) 
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The individual may imitate the activity of another one in pro- 
portion to the influence F' of that other. We then have: 

a{F,I,w)—mJi} + § f r, w') I/?*' -F\ w' dF' dl’ dw’ 

•^0 

(9) 

+ yl ( “ n {r, r, w') F' a(F’, T, w') dF' dl' dw'. 

For a given N(F, I , w), the first integrals of the right-hand sides of 
equations (8) and (9) ai-e known constants, and expressions (8) and 
(9) are integral equations for the determination of o(F, I , w), with 
respective degenerate kernels: ^ 

KiF, I,w, F', r, w ) ~IN(F', r, w') ; 

and (10) 

K(F,I,w,F,r, w') = IF M{F', I', w ') . 


Equations of this type will hold in a more general case of several 
activities a, . As an illustration we may consider the case of two 
different activities under the following assumptions: the activity Oi 
of an individual is suppressed or opposed by the other (w'l < 0) , un- 
less the first also does a different activity Oa , which the second likes 
(w'a > 0) and for the sake of which he is willing to let the first do 
some . We then have: 


Oi = awi + jS (1 — 0,) SW’~ ^1 Fife's. ^ > 

( 11 ) 

a* = a^Wa + /SiOj, / |F' — Ft Nw's dr , 

where the explicit indication of the variables is omitted for brevity. 
The quantity N is now a function of F, I, Wi , and ; and dr stands for 
dF’dTdvjtadw'a , 

Similar expressions may be obtained for more general cases. 

We may consider a case in which there is a relation between F, 
I and w for every individual, due to his biophysical constitution. 
Then we can reduce the number of variables in the above equations. 
If, for instance, I ~ /(F) and w — f^iF), then F remains as the only 
independent variable. 

In general F will consist of several components: 

F=Fx + Fe+-* + Fv, (12) 

such as physical force, moral persuasion, religious influence, intellect, 
etc. We may consider a great variety of cases where tiie influence of 
the different factors is different. Instead of (1) we may have: 

a==«w, + 

t 


( 18 ) 
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with the corresponding equation for the whole group: 

= + — ■F') w'dF'dw'. (14) 

* I 

The numbers j?* show the relative Importance of the various compo- 
nents F, of the total F. 

We may also consider the more complex case where w consists of 
two components: one component u represents the desire of an indi- 
vidual to do a himself; the other component v represents the desire 
to have others do a . We may have u < 0 , v > 0 , which means that 
the individual likes to see the others do a , but does not like to do it 
himself. We then have: 


a=-au + + yi/ (F' —F)N(F', u',v')v' dF' du' dv' , (IB) 


and similar equations for more compile cases. 

Any of the above equations may be made the starting point of 
an abstract theory of human relations. Equations (4), (5), (6), (8), 
(9), (11), (14) and (16) all have this in common, that the activity 
of every individual is dependent on the psychophysical constants of 
all other individuals. In equations (8) and (9) it also depends on the 
actual aotmties of those other mdividuals. The activity of every in- 
dividual depends furthermore on N{F,w), which characterizes the 
biological constitution of the whole social group. In further develop- 
ments we may study tiie more complrac cases of interaction of sev- 
eral groups characterized by different functions oi N(,F ,w). In this 
way we may study mathematically any possible influence of racial 
and ethnographic factors. For a given nIf, w) our equations deter- 
mine completely to what degree tiie activity of any individual is in- 
fluenced by others. In particular, we may investigate under what con- 
ditions the activity of a minor group will remain very little influenced, 
but will itself influence the activities of the remaining major group. 
Usually the independence of the activity of an individual increases 
Witit t . But in the case represented by equation (14) this is not 
necc^arjly so. A large total F dpes not yet mean a large independence 
for any activity. The influence of the various components F* must 


'ViQtiumt gpiug jnto detail^ here* yre see that we can describe in 
ijitiEiij^ve mathematical terms -^bht yrould ordiparily be called so- 
jjrtinwjtuife^ and relations. Considering some the activities as 
’* ■' easurable by statistical methods!, may tjcy to dadye 

i express suchi /it^ntitiss as F tews of tiiese 
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It may not seem at first to be much worth the trouble to find 
mathematically that individuals with a large F have their activity 
very little influenced by those with a small F. It is fairly obvious, 
one would say. But the value of the mathematical investigation lies 
not at all in the statement of this qualitative relation. That can be 
done without any mathematics. The value of the above equations 
lies in the circumstance that they give definite analytical relations 
between F and a , for instance. And, as we have already emphasized, 
it IS only through such relations that we find the possibility of ob- 
serving and measuring some of the more elusive and not directly ac- 
cessible quantities. 


II 

Let us now study the association of individuals into groups or 
classes. In general the tendency for two individuals to associate will 
be tile greater, the more similar the individuals. We may, however, 
also consider cases of association between individuals with greatly 
varying characteristics. For the present we shall restrict ourselves 
to the former case. 

The simplest possibility is that two individuals associate only 
when the absolute value of the difference of their characteonatics is 
less than a certain amount. For the case of one variable, F, we shall 
have as the condition of association: 

(F'— (F — F)* — d*<0. (16) 

Consider the formation of an association of individuals including 
tiiose having the highest value Fm of F. How far down the scale of 
F’s will individuals still be included in that association? The an- 
swer may be given by the requirement that tiie sum total of (F' — F)* 
— for the whole group would remain negative. If F* is the lower 
limit of F still admissible into the association, then: 

f """ f C(^' -F)* - }^{F) N(F') iP dF'<0, (17) 

The left-hand side of repression (17) is a function P(F„) of F,; F, 
then is the root of the equation: 

pm-0. ( 16 ) 

Individuals with F < F, are not admitted into the “social class" of 
the larger F’s. Similar relations can be establitiied for other vari- 
ables ctoacterizing an individual. 

An expression similar to (17), but in whidh the integration is 
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carried out between the limits F, and Fx' , determines the size of the 
next class in which the maximum value oi F is Fj, > and the minimum 
is Fx- . Both NiF) and A determine the total number of “classes” in 
a given societY. If N{F) is known, we can calculate A from the 
(usually small) number of “classes.” 

Other criteria for association into social classes can also be stud- 
ied. By analogy ivith expression (13) we may consider as a criterion 
of association: 

'2^AF,-F\y<A\ (19) 

Finally we may take as criterion not the differences in character- 
istics but differences in activities. We then have: 

(a'-ay<A<‘, (20) 

a being determined as a function of F and of the other variables by 
the fundamental equations chosen to represent a given social inter- 
action. We can determine the number of individuals N*ia)da who 
have an a between a and a + da. Then we have for the determination 
of the size of the class: 

f f C (a' - a) ^ - An N* (a) N* (a') da da' = 0 . (21) 


III 

Thus far we have considered the interaction of the individuals 
as being independent of their distribution in space. The next step 
is to consider the more general case where the location of an indi- 
vidual affects his interaction with others as well as his activity. In 
this way we can study mathematically the influence of various geo- 
graphic factors. 

First of all, the desire for a certain activity may depend on the 
location of the individual, so that now, considering only F and w 
as independent variables characteristic of the individual, we have 
w = w(iB , 1 /) , a; and y being the geographic coordinates. The inter- 
action of two individuals will also, in general, be a function of their 
mutual distance / (»' — a? , y' — y). Asa rule it will decrease with in- 
creasing distance. We must also consider a more general distribution 
function, N{F ,yt,Xfy), which not only gives the distribution func- 
tion with respect to F and w , but also indicates the number of indi- 
viduals locate in the area {« ,x + d-x) (y + dy) . 

If fhe influence of the locality is not selective for individuals of 
eertain characteristics F and w , we shall have: 
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N(F.w,a!,y)==No(F,w)N*{x,y). (22) 

But, in general, this need not be the case. We may now consider as 
the fundamental equation for the structure of society: 


a(F,w,x,y) =awix,y) +pf(F'—F) fix' — x,y' — y) 
X NiF', w', x', y') dF' dw' dx' dy' , 


(23) 


or similar but more general equations. 

The combination of the study of the “geographic” factor with 
the study of formation of “classes” leads to some very interesting re- 
sults and formulae. We shall briefly indicate here one case only as 
an illustration. 

Consider a case where the whole group of 91 individuals divides 
naturally, according to equation (18), into only two classes. If for 
such a division we have the inequality 


NiF) FdF < r" NiF) FdF, (24) 

then the total influence of the class iF,, F„,), which we shall call 
“first class,” is larger than the total influence of the class (0 , Fs ) , 
which we shall call “second class.” We shall mark all quantities re- 
ferring to individuals of the first class with a prime, and all quan- 
tities referring to individuals of the second class with a double prime. 
The expression 


ri'-p„ rF"-F^ f c 

iF'-F") N'iF',x%y') N^F^x'^y") 

(26) 

Xf,ix'~ x", y' — y") dF' dF" dx' dx" dy' dy", 

in which the int^ation with respect to y’, x" and y" is taken over 
the whole region occupied by the total group, can be considered as 
a measure of the extent to whidi the second class is influenced or 
“controlled” by the first. If N" iF', x", y") is given, that is, if the dis- 
tribution of the population of the second class is known, we may ask 
what N' iF', x', y') should be in order to make expression (26) a maxi- 
mum. In other words, what should be the distribution of the popula- 
tion of the first class in order to achieve the best control of the second? 

A very elementary example of sUch a problem may be given by 
considering the special case where two individuals interact only if 
their distance is below* a critical value To , and where the distsribution 
of individuals of the second class in space is unifonni with ihe d«ns% 
q individuals per unit area. Then any groqp of individuals of the drtifc 
dassf if it is located in a very small region, control only Sh* 
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dividuals of the second class. But when the first class subdivides into 
two groups, separated by a distance r > n , then the number of con- 
trolled individuals doubles. The maximum is reached for a subdivi- 
sion of the first class into 



(26) 


separate groups, where S is the total area occupied by the population. 
Inasmuch as fix' — ft , y’ — u) depends on the technical and en- 
gineering facilities at the command of the individuals, the considera^ 
tions of this section indicate a way of taking those into account. It 
may happen that at first a "centralized” first class will correspond 
to an optimum. If S grows later on, it may require a splitting into a 
number of groups for better control. Later on, with increased tech- 
nical means (increasing ro), the number of groups n may again de- 
crease, a "centralization” taking place. 


IV 


We have considered the influence of the past history of the indi- 
vidual as contained implicitly in w . We shall now consider the pos- 
sible influence of past history of the whole society on its present state. 

For the sake of definiteness and brevity, we shall consider here 
only one particular ease. Let the structure of the group be deter- 
mined at tot by one of the equations of section II, and let it again be 
divided in two classes, on the basis of equation (18). Let us now 
consider the development of the society for several generations, under 
the assumption ihat the progeny of the tot class associates only with 
the progeny of the same dass. That is, instead of the association by 
ftctual sdrailarity, we shall have an association by the smMarity of 
the past ffeneraiiona. For simplicity let us consider every individual 
as characterized by only one variable F. 


I<et us consider separately the distribution function for each 
Ni{F) and 2V,(F). Originally we have NtiF) -f N^iF) s= 
But, as we shall presently see, due to changes of those func- 
tldiia "WSk time, this relation wfll not hold in, general, for later times, 
t \ of an individual F* will not all possess tiie same 

pw&erisiie F*. The vidues of F will be distributed according to 
AcWtd* ^(F\ with a maximum for F F*. 

^0 ti?action ef individuals bom of a parent 


F^)k 
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termined at present. Let the birth rate per individual F, be n{F), so 
that niF) N 3 (F)dF individuals are born per unit time from parents 
F of the second class. We then have 


nFg 

j ^ 


p (F, F*) dF* = n{F) N* (F, t) dF. 


(27) 


We now write NiiF, t) to indicate that, due to the scattering repre- 
sented by p , the shape of N changes with time. 

The total number of individuals born per unit time from parents 
F and themselves having F = F* is equal to 


n(F) NAF,t) p{F,F*) dF, 


(28) 


and the total number of individuals with characteristic F, born per 
unit of time of any parents of the second class, is 


/' 

4/0 


MF*) N2iF*,t) p{F,F*) dF\ 


(22) 


If m(F) is the total number of deaths of individuals F per unit time, 
then the total change of N (F, t) is given by 


dN, 


{F,t)= r 

•/o 


n (F*) (F*, t) p (F, F*) dF* - ■m.(F) (30) 


which is a functional equation^ determining N (F, t) for any t . 

According to our hypothesis, the progeny of all individuals of 
the second class continues to belong to the second class, the progeny 
of all those of the first— to the first. Per unit time, tiie increase in 
the number of individuals of the second class who have F > Ft, is 
given by 


r’df^s(F, t) dF= r'^dF f\(F*) NAF*,t) p{F,F*) dF* 
»»«•. •'0 


'r. 


r miF) dF=^^(Ft,t). 

JPm 


(31) 


A similar expression is found for the increase \iiFt, t) in the num- 
ber of individuals of the first class with F < F,, We have tahen 
inequality (24) as the condition of the possibility for the first clwh 
to control the second. Due to the change represented by equation 
(31), the inequality (24) will finalb^ cease tO hold and the socsUl 
stru<^re will become unstable, the irduence of the fimt clasa barter 
been weahened^ that of the second class incf ehsed. A 
is bound to occur- At what time i this instability virUl oocur ia detour 
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mined by the equation (81) together witli a similar one for the first 
class, combined witn inequality (24) . 

We may consider the stability of a social structure from a dif- 
ferent point of view. Whereas originally we had a — o>(,F), we now 
find that individuals with the same F may have different a’s because 
they belong to different classes. To a given value of F now corre- 
sponds a multitude of values of a , which will be determined by a dis- 
tribution function 

ii(F,a)da, (32) 

giving the number of individuals with the characteristic F and hav- 
ing an a between a and a + da. We have: 



uda = N(F,t). 


(33) 


The function u itself is determined by equation (31) and is a func- 
tion of f, also. We find that now the distribution of a no longer 
corresponds to the “natural” distribution, as given by one of the equa- 
tions of section II, where a was determined by F only. Let a (F) be 
that “natural” distribution. Then the total deviation of the social 
structure at the moment t from the “natural” one, prevailing at f = 0 , 
is given by: 



u(F,a) [a(F) —ayda = y){t). 


(84) 


We may consider as a criterion of stability that this total deviation 
should not exceed a given value A; in other words, y>(t) g A . The 
moment t, at which instability occurs, is given by the root of the 
equation v(f) —h. 

A stUl difierent criterion for the stability of a social structure 
may be considered. In the absence of other individuals, tiie activity a 
of an individual is determined only by w, being given by a{F) t= 
aw (F) . Due to the interaction with other individuals, a {F) does differ 
from aw{F) . We may postulate that the sum total for the commu- 
nity of the differences la(F) — awif)]* should not exceed a thresh- 
old A- , Since a(F) is given by one of our fundamental equations, we 
have another integral condition for stability, which depends on 
N (F, i) and therefore changes with time. 

In ordinary language, we may state this criterion by saying that 
sodety becomes unstable when the differences between the natural de- 
sires of the individuals and the actual fulfillment of those desires be- 
come excessive.* 


USB 
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We may also consider an intermediate case, where any individual 
with F > Fx, born in the second class, can eventually pass into the 
first, but where a resistance is offered to such a passage. This resist- 
ance will be, in general, a function ot F — F^. The time rai which it 
takes for an individual to pass from the second class into the first 
is also a function of F — F, . We exprei^s this by writing (F — F*) . 
Its inverse can be considered as a measure of the corresponding "so- 
cial mobility.”’ The total number of individuals passing from the 
second class into the first per unit time is given by 

A similar expression for M,a ivill ghe the total number of individuals 
born in the first class with F < F, , passing per unit time into the 
second class. If the instability discussed above should never occur in 
the course of history of a society, we must have; 


^ai (F » , f ) ^ FLii (F jr , t) 5 

( 86 ) 

^«(F,,f) ^M„(F,,f); 

4> being defined by equation (31), for then the "social mobility” will 
always level out the deviations from the "natural distribution.” 

Besides the type of instability discussed above, a different kind 
may also happen. We have seen in section II that the structure of 
the social group may be characterized by an integral equation (equa- 
tions 8 and 9). If, as will be the simplest ease, those equations are 
linear, as equations (8) and (9) , they will possess only one solution. 
We must in general, however, consider the possibility of non-linear 
equations also. In that case it is possible that there will be two or 
more solutions. The situation is not without formal analogy to physi- 
cochemical systems with several equilibria. Sudden transitions from 
one state into the other one will have to be considered. 

V 

The question now arises as to how to describe mathematically 
those transitory states caused by one of the above discussed factors. 
In other words, when for instance a state in which v* (^) > ^ (equa- 
tion 34) is readied, how will the transifaon towards the "natural*' 
state for which y = 0 take place? 

We must introduce more general equations covering the "dynam- 
ic" cases, also. They must he such lhat the ahove-discussed equations 
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of section 11 would be particular cases of the more general ones for 
“stationary states.” A simple case would be, for instance, to put, with 
A as a constant, 


da{F,I ,w,t) 
dt 


A 


i<i{F ,I,w, t) —aw 


— rN(F',r,w')\r — F\w'dF'drdw' (37) 

•^0 

— yl r“N iF', r, w')Fa' (F, I , w') dF' dl' dw'} . 

•'o 

This leads to equation (9) for a stationary state, for which 
da/dt — 0 . 
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CHAPTER II 

GENERAL MATHEMATICAL CONSIDERATIONS CONTINUED 


In chapter i we have outlined a general mathematical approach 
to a deductive, theoretical science of human society. We have estab- 
lished various general forms of equations which can be used for tiiat 
purpose, and indicated the way of describing in mathematical terms 
some phenomena of social interactions. In those fundamental equa- 
tions we have been making use of some quantities which are not di- 
rectly accessible to physical measurements. We justified this proce- 
dure, however, by invoking the example of physical sciences, where 
equations are established between quantities which may be directly 
inaccessible to measurements, but which are measurable “in princi- 
ple.” This "measurability in principle” is made possible by the appli- 
cation of the mathematical equations which eventually give us con- 
nections between those directly immeasurable quantities and others 
which can be measured directly. We shall now discuss the way by 
which, in the ultimate development of the theoretical system, a meas- 
urement and determination "in principle” of the quantities involved 
may be achieved. 

We must, however, emphasize that sudi a comparison in princi- 
ple does not necessarily mean a comparison with aotical existing data. 
In the early stages of a deductive, theoretical science, we must study 
at first purely imaginary cases whi<ii, due to the intentional over- 
simplification, have no real existence. If we speak here of a compari- 
son of an equation with observable data, we thereby mean this: we 
consider a simple, theoreticaUy passible, but not an actual, case, and 
set up equations which describe it. The equations themselves may be 
of such a nature that even if the case studied actually existed, they 
would not be directly verifiable. But some of their consequehces could 
be compared with observable data, v>hieh wovtd be mailable if w** 
case reaUg existed. 


I 

We shafi begin by conslderittg I3ie simplest ease of ohe activity 
oniy» represented by equation (6) of chapter i, and first simplify the 

15 
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case still further by considering that all individuals have the same 
desire w for the activity i , and differ only in their coefficients of in- 
fluence F. The activity i itself may be of any kind: production of food 
or other practical necessities, or any artistic activity, such as paint- 
ing, composing, etc. The proper practical unit for the intensity a, 
may vary from case to case. But, in principle, for a given activity 
its intensity a, may be expressed by the amount of energy spent on it 
on the average per unit of time. Since in the absence of the influence 
of others we have: 

a, = aw, ( 1 ) 

where a is the coefficient of proportionality, dependent on the choice 
of units, we may measure w by the amount of a, which an individual 
does of his own free will. Then the dimensions of both a, and are 

[m]ra»[t]-’ (2) 

and, since fS in equation (5) of chapter i is also only a coefficient of 
proportionality, F becomes a pure number. Putting a = /3 = 1 in equa- 
tion (5) of chapter i, and remembering that in the present case 
w = V, we find for two individuals 

a, = w[H- (F' — F)] , if F'>F; 
ai~w itF'SF. 

We see that the difference of the coefficients of influence of two in- 
dividuals equals 1 if one of them can, through hii? influence on an- 
other, induce him to double the amount of the latter’s activity done 
of free will. 

Of course, we must remember that this holds only for the par- 
ticular hypothetical case which we decided to consider here. Adop- 
tion of different postulates will require a modification of the setup 
of units, but the procedure remains fundmnentally the same. 

We shall now illustrate on an arbitrarily chosen function 
N(^F,w), which now degenerates into N {F) , how we can obtain equa- 
tions which determine the not directly measurable quantities. Again 
the proper procedure would be to investigate various possible forms 
01? ^(F), and to begin with the simplest cases. One may think ihat 
a noi'mal distribution should b4 investigated first. In view of its wide 
(it applicatiions in statistic?, a nprmal distribution certainly de- 

S scfba^fAte Stoidyt Vievr of the fact, however, that the evalua- 

te flhfte forrti becomes iippossible for a normal 
uiN hjpre a dilfferent onei^ namely: 

( 4 ) 
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where A and a are positive constants. This function N (F) is equal 
to zero for F = 0 and F = w , has a maximum for F = 1/a , and an 
inflection point for F = 2/a . 

From the requirement that 

rNiF)dF = n, ( 6 ) 

*'o 

where is the total number of individuals, we find 

A = 9la*, (6) 

' so that 

h7(F) =9^a*Fe-“^ (7) 

It may be argued that the integration in equation (5) should be 
carried out not from zero to infinity, but from zero to Fm t Fm being 
the maximum value of F that occurs in the population. This would 
give 

A = Sn/[l/a“ - (F„ + 1/a) . (8) 

which reduces to equation (6) if F„, is so large that e-^" is very- 
small. We shall confine ourselves to such a case and use expression 
(6) instead of (8). 

If we introduce expression (7) into equation (18) of chapter i 
which, written explicitly, reads: 

P' [(F'-F)*-.d*3f/{F)WCF')dFdF' = 0, (9) 

we can perform the necessary integrations and thus obtain a relation 
between F* , F„, , d , and the parameter a of the distribution func- 
tion. The final result of the integrations is a rather cumbersome trans- 
cendental equation and shall not be given here explicitly. The im- 
portant thing is that we do obtain a relation of the form 

rf(F,.F,„,d,a)=0. (10) 

For the same reason for which we use expression (6) instead 

of (8), we may use oo for the upper limits of integrations in equation 
(9). In that case equation (10) degenerates into one not containing 
F : 

Ux(F„d,a)=0, (11) 

Another relation involving F* is obtained by conaidering the ratio 
of the number of individuals of the upper class to the total number 
91 of individhals in the society. Again using infinity instead of F«, for 
the upper limit qf integration, we have 
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N(F)dF. 

Introducing expression (7) into (12) we find: 


( 12 ) 

(13) 


Equation (13) gives a relation between Fg , a and & . The latter is 
directly measurable. For the case aFc > 1 , equation (13) may be 
simplified to; 

d = aFg , (14) 


or 


log d = log aFg — a>Fg . 


(15) 


Neglecting log oFg as compared witii aFg , we find approximately: 


Fg = 



(16) 


A relation between F, , a and w , which we consider here as constant, 
is provided by expressing the total intensity A of activity of the whole 
group. Equation (3) expresses the intensity of % of a single indi- 
vidual as a function a, (F, F') of F and F’. Under the influence of ail 
the other individuals, the individual with a given F exhibits an in- 
tensity a(F) of activity, equal to 


a{F) - j”<i, (F, F') W(F') dF\ (17) 

The total intensity A is given by 

A— J^"o(F)N(F)dF=J“N'(F)dF JJ'aKF, F')N(F')dF'. (18) 
Introducing expression (8) into (18) we find 

w jV(F')clF'+ J^^(F'-F)N(F')dF'j. (19) 
given by expte$sion (7), th.c right side of (19) ipay he 

lay iibe Iht^ty Aa of activity of the 

■ 

A 
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equations connecting the quantities Fx,Fm, d, A , & A, Ai and 
w . The intensity w of desire for an activity is directly measurable. 
In fact, with the choice of units which leads to equation (3), w is 
numerically equal to a, in the absence of any influence by other indi- 
viduals. The quantities & , A and Ai are also directly measurable. 

By means of the four equations, (10), (16), (19) and (20), we may 
express the not directly measurable quantities F, , Fm , a and A in 
terms of the other, and thus determine those directly unmeasurable 
quantities through our equations. 

Instead of expression (7), we could have chosen any other one- 
parametric distribution function. If we choose a function with more 
than one parameter, we would have to establish additional equations 
for the determination of those parameters. 

In principle it may be possible to find more equations than ihere 
are unknowns. This would provide for a method of checking the cor- 
rectness of the hypothetical choice of the function N (F) and of other 
assumptions. If the choice of N (F) is correct, and all the assump- 
tions correct, then the values of the same unknown quantity, com- 
puted from different equations, should be the same. 


II 

Now let us investigate somewhat closer the function N (F) itself. 
In chapter i we have considered the variation of N (F) due to the fact 
that the progeny of an individual with a definite F may have in gen- 
eral a different value of F, Again let p{F\ F) be the number of in- 
dividuals having a characteristic F and born of parents F*. In gen- 
eral we must consider the case in which two parents have a different 
F, but for the time being we confine ourselves to the simpler case in 
which both parents have an identical F. The total number of indi- 
viduals with the characteristic F, born of any parents per unit time, 
is [chapter i, equation ^9)] 

f “n(F‘) NiF*, t) p (F*, F) dF\ (21) 


where n(F*) denotes the birth rate per individual. If m(F) is the 
death rate, also per individual, we have for the total change of jN'iF, t) 
per unit time 


dN(F, t) 
dt 



n(F*)H (F* , f ) p (F* , F) dF* 


-w(F)Nr(F). (22) 


Let us consider the simplest case, that both %iF) aad w(F) are eon^ 



20 


MATHEMATICAL THEORY OF HUMAN RELATIONS 


stants, that is that the birth and death rates are the same for all types 
of individuals. Then (22) becomes; 


dN{F,t) 

dt 



N(F*,t) p{F*,F) dF* 


~mN{F). 


We shall solve equation (23) by putting 


(23) 


N{F,t)=N*(.F) (24) 

where N* (F) is a function of F only, and <j> (t) is a function of t only. 
We shall determine No (F) and ^ (t) so as to satisfy both equations 
(23) and the requirement that at an initial moment t , which we may 
put without any loss of generality equal to zero, N (F, t) should be a 
given function No{F) of F. 

Introducing equation (24) into (23) we find: 


N*(i?”)3?(F%F) dF* -miV*(F) <6 (t). (25) 


Pptting 


nj;N*(F)piF\F)dF* 


equation (25) becomes 


JV*(F) 

dt 




(26) 




(27) 

(28) 


which gives 

Ae being a constant of integration. 

For every given value of n , equation (26) gives us an equation 
for the determination of N*{F). Expression (26) can be written 
after simple rearrangements in the following way: 


N*(F) 


n 






(F*)p(F*,F)dF. 


(29) 


whi<ii |is «L hdmogoheous integral equation of secsond kind,iWlth the 
^<^?F). Eqfttation (29) in general possessed solutions only 
of the constant 




n 




m 
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Let 1, , Aa , • • • , 1, be those "eigenvalues” arranged in increasing order 
so that; 

Ai <A»< (31) 


Then in order that equation (29) should have solutions at all, n must 
have one of the values 




n — X%m 



(32) 


If is an "eigenfunction” of equation (29), corresponding to 

the "eigenvalue” A» , then: 

AiN.*<F) el**' 

is a particular solution of equation (23) , and the general solution is 
given by: 

N(/f’,f) =5 a,N’,'(F) (33) 

For t = 0 , this is eqiial to 

N{F,Q)-iA,N,*{F), (34) 

a 


and since all Ni*{F) form a complete orthogonal system, the coeffici- 
ents A, can be determined so that 


2A,hr,*(F)=f^«(F). (35) 

1 

We have 

f\o(F)N',*(F)dF. (36) 

Equations (33) and (36) represent the general solution of equation 

(28) . Let us consider some of the consequences. 

Because of equation (33) vre have; 

fit> fh> ••‘i fi^===—m, (37) 

If 

m>Y, (SB) 

A} 

then all m’s are negative. In that case, regardless of the choice of the 
coefficients A, , in other words, regardless of the initial distribution 
14 AF) , the expression N (F, t) given by equation (38) tends to aero. 
Expression (38) therefore sets an upper limit for the death ra,te m., 
alsove which the social group will, with time, become extinct. 

If, however. 
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n 

ill < — 


9 


then some /t’s, say fii , /h •' «« , will be positive, others, /xm , /xt+i , ■ , 
will be negative. But then all terms in equation (33) above the sth will 
tend to zero, while the first s terms will increase. But with increasing 
t the term with the largest , that is the first term, will exceed the 
others more and more, the ratio 

(i ^ s) 

tending to ^ero. Hence after a sufiScieni time has elapsed, N (F, t) 
will be given by 

N (F, t) = A^N^* (F) ef* . (39) 


Equation (39) shows that the total number 9fJ: of individuals will 
increase exponentially, but the distribution function N (F) will not 
vary, being given by the first “eigenfunction” (F) of the integral 
equation (29). A similar lesult holds for the special case where 
n 

iw = — . Then /ii = 0 , all others are negative , and expression (33) 

At 


tends asymptotically to AiN*iF). In this case not only does the dis- 
tribution function tend as 3 miptotically to a fixed form, but the total 
number of individuals also tends to be a constant. 

We thus find a fundamental result: under tho simplified assump- 
tions made here, the distribution function N (F) always tends either 
to zero or to a stationary distribution which is detei mined by the 
function p (F*, F) , since the latter is the kernel of the integral equa- 
tion (29) whose fost “eigenfunction” determines the stationary dis- 
tribution. Any disturbances such as wurs, starvation, etc., may upset 
this distribution temporarily, but in time it will again be restored. 

If equation (29) possesses solutions within a continuous range 
of values of A , or for any value of A , the case must be treated dif- 
ferently. 

' In chapter i, we learned hOw the variation of N{F) with time 
det^snnines the variation of the social structure and eventually causes 
its instability. Observations of the variations in time of the social 
structure may also lead us to equations which connect some of the 
directly unobservable quantities with directly measurable ones. For 
instance, as we have seen in chapter i, due to yariataou of N (F) , the 
second class will contain a certaih humber of individuala with F> Fm> 
If the variation of N (F) with repeat to tittle is giivett, tfient thiSi num;- 
ber E of individuals with F > /, is also giv«i fqr 4ny moment, 
F = F(t) . These individuals wifi not be coniarofiad in ^ way 
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by the first class. If, as is usually the case, the controlling class uses 
various methods of coercion against active political opponents, then 
R(t) would represent the number of individuals subject to such co- 
ercion. This number can be directly detennined. If this known num- 
ber is Nc , then 

Hit) =N, (40) 

gives us an equation, involving some parameters, which determines 
the variation of N(,F), p(F*,F), etc. Together with other possible 
equations, it may be used to calculate these parameters. 


Ill 

In the general case the coefficient of influence may itself be a 
derivative notion. If an individual can easily perform and does pei‘- 
foim an activity the results of which aie badly needed by other 
individuals, then the first individual may have a stiong control over 
the second. We may thus consider the coefficients of influence as be- 
ing functions of the activities. For the case of two activities the sit- 
uation is mathematically represented in the following manner. 

Let each individual be characterized by the desires Wi and Wz for 
the peiTormance of the activities a, and ai , and by the desires u and 
1*2 to possess the results of the corresponding activities without ac- 
tually performing them. 

Then 


a, (Wi j til , Wa , «a) = aWt 


v>'i dw'i dit,\ dw'z dvr't ; 


Oa (lOj , It, , tOi , its) = OtWj 


(41) 


w's dw\ du\ dw's du\ , 

The integrals in the right-hand mde of botihi equations are const^iss 
which we denote by and respectively. Hence 


= avh 4 - AiPut , 

0 , = 4 - • 


(4a) 
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The constants Ai and A2 are determined from the two equations 


‘.=/: 


N{Wi }Ui,Wi, Ma)«ti(aWa + A 2 fiUi)dWi dill dWs dtts , 




I 


00 

N (Wi ,UijWsj «i2)K9 + Ai^)dv)i diii dWi dUn . 



CHAPTER III 


AN APPROXIMATE TREATMENT OF THE INTERACTION OF 

SOCIAL CLASSES 

lu the preceding- chapters we developed a general mathematical 
approach to social phenomena. It has been shown how some general 
char-actenstics of sociological changes leading to instabilities can be 
described mathematically. However, the equations involved are of a 
type that do not lend themselves readily to closed solutions, even in 
simplest cases. As we attempt to describe more complex situations, 
the mathematical difficulties increase. The use of some general ap- 
proximation method is therefore indicated.' 

We have seen that for a given distribution function of some in- 
dividual characteristic in a given population, this population will eplit 
Into two or more classes due to a tendency of any individual to asso- 
ciate preponderantly with other individuals possessing a similar char- 
acteristic. In the special case where this characteristic is the "coef- 
ficient of influence” and where the number of classes is two, we have 
one class influencmg and controlling the activities of the other. The 
exact interaction of the two classes, which are not homogeneous with 
regard to the given characteristic of the mdividuals constituting 
the class, depends on the structure of the classes.* This structure is 
itself determined by the distribution function of the characteristic 
considered. We obtain a great simpliftcation if we introduce, instead 
of the actual structure of the classes, an average value of the char- 
acteristic of the individuals of a given class. We thus have a class 
of individuals having a certain characteristic in the amount a^, an- 
other having the same characteristic in the amount a® , etc. Or, more 
generally, we may have several classes, characterized by different 
avmri^e amounts of a characteristic a , several other classes dbaraO' 
terized by different average amounts of mother characteristic b , etc. 
For instance a may represent an average amount of education, while 
b may represent an average ability to play football, Such classes may 
or may not overlap. That is, an Individual may belong to the class’* 
of highly educated people and of average quality foolhaH players. 

We shall here confine oiprselves to the special case where chap- 
i^teristlc. of the individual is his ability to influence activities of other 
individuals. As we have seen, this ability is itself a composite ona 

26 
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The influence exerted may be due to physical force, to moral persua- 
sion, wealth, etc. We shall consider here at first only a purely theo- 
retical case which presents some interest. Similar considerations may 
then be applied later on to other different cases. 

In actual life, we find that a rather large number of individuals 
choose their activities not because of any firm conviction of the ne- 
cessity of such activity, nor because of a particularly strong inclina- 
tion for this activity, but merely because the majority of the other 
individuals with whom they come into contact perform this activity. 
There are, of course, all gradations from individuals who would never 
do anything that is not done “by everybody” to those who are guided 
only by their own convictions and do not care in the least what "peo- 
ple may say about them.” Let us first consider, for the salce of sim- 
plicity, an abstract, non-existing situation in which we have two das- 
tiuci groups of individuals, one composed of individuals who act only 
on their own initiative (type I) and the other composed of individuals 
who are strongly infiueneed by their fellow-individuals and direct 
their activities exclusively according to what others do (type II ) . As 
remarked above, this is a fictitious case, but it may turn out to be a 
first approximation to a more real ease when there are gradations in 
the above characteristics. 

For convenience, we shall refm: to individuals of type I as the 
“active” individuals, and to those of liie type II as the “passive” ones. 
The meanings of the two words are here different from the custom- 
ary. By definition, Leo Tolstoy and Mr. M. K. Gandhi are both “ac- 
tive” individuals. Tolstoy’s “non-resistance to evil” or Gandhi's “pas- 
sive disobediQice” are here considered as a type of activity which 
may be imposed upon others. 

An individual may be active in one respect and passive in an- 
other, Thus while an individual may have very definite musical tastes 
or political views which may differ from ttiose of his neighbors, he 
may at the same time wear a conventional hat, or a necktie, just be- 
cause "evecybody else does it” 

Let us consider a total number N of individuals forming a given 
popiilation. Of these N individuals, let a number iCo belong to the ac- 
tjive type, hdng characterized by a certain activity A . We shall refer 
•td.|hWi as individuals h. Let Vo individuals belong also to the active 
but let the activity of th^r choiise be a diflfereot one, B , such 
that A i^ude^ B . We shall refer to thSm as ibdividuala Ib , Wa 
ftsfc vrbat vrfh be Ih-e behavior of the remain 

vrb asaume to he all of iW an- 
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swer to that question will, of course, depend on the assumptions which 
we make concerning the mechanism of influence of some individuals 
upon others. Let us again, for the sake of simplicity, make one of the 
simplest possible assumptions, namely, that an individual of the pas- 
sive type is more strongly inclined to behave in a given way the more 
frequently he comes into contact with active individuals who exhibit 
this particular behavior. Let each individual of type Ik actively try 
to influence as many passive individuals as possible by actually com- 
ing into contact with as many of them as he can. Then, denoting by 
.V the number of passive individuals who exhibit the behavior A be- 
cause they were influenced to do so by the individuals of the typo Ji , 
we see that re vnll merease at a rate which is approximately propor- 
tional to Xn , Let the coefficient of proportionality be a# so that the 
total contribution of the individuals of type I a to the increase of » is 

. But the x individuals who now exhibit the behavior A , also 
come into contact with other passive individuals who have not yet 
adopted the behavior A . Therefore, they will also contribute to the 
rate of increase of a: , in the amount ax , a being an general different 
from Oo . Similarly, denoting by y the number of passive individuals 
who have adopted the behavior B through contact with other indi- 
viduals, we find that that they contribute to the rate of increase of y 
an amount ay while the individuals h contribute the amount Cny^> , c® 
being a coefficient of proportionality. The coefficient a is assumed to 
be the same as before, since in both cases the coefficient refers to pas- 
sive individuals. 

If there is only one alternative for behavior, either A or B , then 
the increase of x is accompanied ly a corresponding decrease of y , 
and vice versa. Therefore, we have for the total rate of increase of x: 

dx 

~=^aoXa + ax—coyo — oy; (2> 

at 

and, correspondingly: 

dy 

-r-' = Coj/i> + ay — OsXo“a#. (8) 

at 

Since, by definition of x and y , and because of (1), 

x + y^K~-^Xo—y<^—N'i ( 4 ) 

the system (2) and (8) reduces actually to one equation, either Ibr 
X or for y . Let US consider the equaition in » , 

From expression <4), we have 
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Introducing this into equation (2), we find 


If 


— = 2(ix — (oN' — a^o + Co2/o) . 
dt 


( 6 ) 


aN' — OoSo + Coi/o < 0 , 


(7) 


then for a: = 0 , the derivative dx/dt > 0 and it remains positive as x 
increases. In other words, if inequality (7) is satisfied, then if origi- 
nally all individuals except Xa showed the behavior B , the number of 
individuals showing behavior A will increase until all except Vn will 
exhibit behavior A . Introducing for N' the expression (1), we find 
that inequality (7) is equivalent to 


Ct _ _ Co 0 / 

Xo> ; — N ; — yo. (8) 

Co + a tto + a 

By a similar argument, starting with equation (3) , we find that if 


a Oo—a , , 

+ (9) 

Co + a Co + a 

Ihen for y = 0 , the derivative dy/dt > 0 and remains positive as y 
increases. When inequality (9) holds, then even if originally all in- 
dividuals accept yo exhibited behavior A , they will all, except the 
number Xo , eventually exhibit behavior B . If inequality (8) is not 
satisfied, it does not mean that (9) is satisfied, and vice versa. Solv- 
ing (8) with respect to yo gives 


Oo + a 

yo < «o- 


a 


■N; 


Cq Qr Oq Ct 

While solving inequality (9) with respect to iCo gives 

a 


Xo '■ Vo ■ 

Oo— a 


Oo— a 


■N. 


( 10 ) 


(U) 


Thus, it may happen that neither iije<lhal).1y (8) nor (9) is satisfied. 
When this iS the then foh ir 0 . < Q ; but sinca x cannot 

be negative, this sintpiy ^ w in<iiVidbsJs ej^cept xa ex- 
hibit behavior B, thiaAd^# |a h^IttveV stable and 

nothing happen^lq ^ 

exhibit behavior 
gregate thus 
(configuration 4 r iht 
(configuration vfi 
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to bring the social aggregate from configuration B into configuration 
A , some external distui’bance <e.g. intervention of a different social 
aggregate, war) must make 


a: > 


ttjW ”1“ CyJ/o 

2a 


aiST— (Cb + o)a!(, + (Ca — a)yo 
2a 


( 12 ) 


Then, as is readily seen from equation (6), dx/dt becomes great- 
er than zero, and x will increase until it becomes equal toN' = N — Xo 
— yo . Similarly, in order to bring the social aggregate from configura- 
tion A into configuration B , an external disturbance must make 


V > 


gN' — C„2/n + OnZo 

2a 


(Co "1" Of)yQ *4“ (ao"—a)Zo 

2a 


(13) 


While neithei* inequality (8) nor (9) may be satisfied, it cannot hap- 
pen that they both are satisfied. Thus when (8) is satisfied, the only 
stable configuration is A ; when (9) is satisfied, the only stable con- 
figuration is B; when neither (8) nor (9) is satisfied, there are two 
stable configurations, A and B . 

Let us analyze the meaning of the coefficients Oo , Co , a and of the 
inequalities (8) and (9). The coefficient Oo is the average number of 
passive individuals with whom every individual of type I a comes into 
contact per unit time. The quantity c® has a similar meaning with 
respect to individuals Ib , while a is the average number of passive 
individuals with whom every passive individual comes in contact per 
unit time. AH three are definitely measurable quantities. The indi- 
viduals may come in contact with each other directly, or indirectly 
through mail, press or radio. Thus , Co , and a are influenced, by 
any developments of means of communications, in the broader mean- 
ing of this word. These coefficients may be expressed as functions of 
the average circulation -of mail m , average circulation of newspapers 
n i number of broadcasting stations h , and number of radio receivers 
r. Thus 

ao=/i(m,n,6,f); 

Oo = /a(«i,w,&,r) ; (14) 

a = /»(w.,«,6,r). 

If the groups h and are particularly eager to induce the pas- 
sive fiidividuals to exhibit their respective behaviors, they would en- 
deavor to increase «« and by varying appropriately in,n,b and r 
as far as they can. 

This suggests the investigation of the case in which 

ao»a; o<|»a. 


( 16 ) 



30 


MAIHEMATICAL THEORY OF HUMAN RELATIONS 


In this case, the expressions 


a a 

and 

(Xt0 "1~ Oi Cq “t* CL 


( 16 ) 


in inequalities (8) and (9) are much smaller than unity, while 


Co— a 
Oo + a 


and 


do — a 
Co + a 


(17) 


are of the order of magnitude of unity. Both Xo and Vo may be rather 
small fractions of N . If, for instance, inequality (8) is satisfied, so 
that the society is in configuration A , and then aso gradually decreases 
or increases, so that finally inequality (9) becomes satisfied, then 
at that moment y will begin to increase until the whole society passes 
into configuration B . If both and yo are small fractions of N , then 
a relatively small number of individuals added to either a;o or yo may 
produce a sudden change in the behavior of the whole society. A nu- 
merical example will illustrate this. First let Uo — Co = 1,000 indi- 
viduals per day, while a = 10 individuals per day. Let JV be 10'' indi- 
viduals and let yo be 10' individuals so that yo — 0 01 M . In this 
case, inequality (8) gives: 

»„> 197X10'. (18) 


Let ajo = 2 X 10'’ individuals, so that inequality (18) is satisfied, and 
the whole social aggregate except yo individuals exhibits behavior A . 
Now let a:o decrease to lO', for one reason or another, while yo in- 
creases to 2 X 10“. Then inequahty (18) will cease to be satisfied, 
while (9) becomes satisfied and the configuration begins to change 
from AtoB > ^Thus a change of 100,000 in a population of 10,000,000 
produces a complete change in the behavior of the whole population. 

The dynamics of the transition from configuration A to ihe con- 
figuration B , 'and inversely, is given by equations (2) and (3) . Con- 
sider, for instance, the transition from 5 to A . Putting 


ftN' — -t" Col/i — — 


equation (6) becomes: 


dx 

'u 


6 = 20 * + 


(19) 

( 20 ) 


This givai 

C b^g a cdttstahttof 0 > 1 « 0 y then 
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C = u 


and hence 

« = — — 1 ). ( 21 ) 

2a 

The configuration A is reached when x = N — Xa — !/« • Hence the 
moment tji at which this occurs is determined by 


or 


u 

— - — 1) = N— aio — i/o , 

2a 

1, 2a(N— aio — i/o) + M 

= log 


( 22 ) 

(23) 


With the values for On , Co , a and Xo used above, we find that tj. is of 
the order of a day. This agi*ees in general with the rapid spread of 
all kinds of mass hysterias, revolts, etc. 

As we already remarked, the coefficients a „ , Co and a are func- 
tions of various parameters characterizing technical facilities at the 
disposal of the individual. With increasing technical facilities, they 
also increase, tlius shortening ti . These coefficients are also func- 
tiona of the personal endeavor of the individuals to influence others. 
In general, we would expect that the element of personal effort will 
be more strongly pronounced in active individuals than in the pas- 
sive ones. Hence, while a will be relatively constant for constant w , 
n , b , r (cf. equations 14) , Uo and Co will vary within a rather wide 
range. This need not necessarily be so. But for definiteness, let us 
consider here this particular case without any prejudice against the 
other possibilities. In this case, and Cn might well be called “coef- 
ficients of propaganda.” 

It may be suggested in passing that the above type of interac- 
tions may be applied to the changes in fashions or fads which actually 
do come and go rather suddenly. 

Let us consider the case in which the efforts of individuals I a in 
influencing passive individuals decrease as the number of success- 
fully influenced individuals increases. This is psychologically a rather 
plausible situation. With increasing success, when its permanence ap- 
pears assured, some people are apt to decrease their efforts. In this 
case Oo will be a decreasing function of a: . In the simplest case it will 
be a linear function, so that 

ao = a„*(l — fig). (24) 


Similarly, lye put 
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Co™Cb*(l — eV). (25) 

After rearrangement, equation (6) now becomes, because of expres- 
sion <6): 

dx 

— = (2a — tto'eSo — CoeVo) x 
dt 


(26) 

— [ (a — Co*e'l/o) 2^' — Xa*XB + Co*ya] . 

If the expression in brackets is negative, which, because of (1), is 
equivalent to 

a—Co*s% 


Xo > 


Uo* + ® — Co*e'ya a* + a 


CoVjfo + Co* — a „ ^ 

N-¥—r-, r—yo = Xi; (27) 


- Co’e'l/o 


then for « = 0 , dx/dt > 0 , and tiie influence of the Xo individuals I a 
increases. However, it may happen that while inequality (27) is sat- 
isfied, the coefficient of x in equation (26) may be either negative or 
positive. If it is negative, we have 


2a — CoVi/o „ 

iCo ^ ^ Xji • 


Putting 


Oo*S 


2a r*- ao*ea:o — Co*e'yc = Ci ; 

(a — Co’e'Vo) N' — ao*Xa + Oo'yo = C* ; 
equation (26) becomes 

— = CiX — Ci. 

dt 


(28) 

(29) 

(30) 

(31) 


If both inequalities (27) and (28) are satisfied, then Ci < 0 ; Cs < 0 . 
For x = 0, dx/dt > 0 , but dx/dt — 0 for 


Cg _ ai)*iCo — Co*yo — (g — Cfb'yo)N' ^ ^ 

Cl Oi/exQ -I- Co*sVo — 2a 


(32) 


For X > Ca/Ct , dx/dt < 0 . Hence, in this case, we have a configura- 
tion of stiJble equilibrium, defined by equation (82) , in whidh a part 
of the passive individuals exhibits b^avlor A , another part exhibits 
bdiavior F . Hiia is different from the previously studied case where, 
in ^ stahlh equilibrium, dther all passive individuals e:;thibdted be- 
Imvlor A or all of them exhibited b<^avioir B . x/y of pas- 
sive individuals exhibiting behavior A to -^lOEle l^iavlor , 

sjhifts eontitituously in onq directicaLoa: ^tnofhejris^ con- 

tinuonsly, bi4 as ^ sW hde 
«f Xo/Vv^ that rahle 
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inequalities (27) and (28) are satisfied. The equilibrium configura- 
tion (32) is reached, starting with any other configuration, asymp- 
totically, as is readily seen by integrating equation (31). This gives 



where Co is a constant of integration. Since Ci < 0 and C* < 0 , the 
.second term vanishes with increasing t , and * approaches the values 
C 2 /C 1 . 

If neither inequality (27) nor (28) is satisfied, then Ci > 0 , 
Ca > 0 and dx/dt = 0forx~ Ci/Ci > 0 . But dx/di > 0 for a; > Cs/Ci , 
and dx/dt < 0 for x < C3/C1 . The configuration x = C^i/Ci is, un- 
stable, and again either all passive individuals show behavior A or 
they all show behavior B . 

An equation corresponding to (32) holds also for y . Hence, 

X do Xt) Co Vo (o Co*fi4/o)'^ (83) 

y Co*yo — ao*Xo — (a — ao*eXo) N' ’ 
which may be written 


Xn a 

ao*-~[Co*(l-e'N') +-N 1 
x__ Vo Vo 

V a iCi 

Co* N' — ao*il-N'e)- 

1/0 Vo 


(34) 


The quantity 1 — eN' must be non-negative if equations (24) and 
*(26) have physical meaning. Similarly, x and y must be non-negative. 
Since the denominator of the expression (32) for x and of the corre- 
sponding expression for y is positive because of inequality (28) , there- 
fore both numerator and denominator of equation (88) and hence 
of (84) are positive. It follows that 


<j,*(l — bW') + — N' > 0 and Co*~—N' > 0. (35) 

Vo 


Hence, if we keep j/<, constant but increase Xo , so as to increase 
Xo/Va , the ratio x/y will increase continuously, but will become infinite 
when 


iTo 

^9 


Co* 





(86) 
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For this and higher values of Xo/Vo, all passive individuals exhibit 
behavior A . On the other hand, when 


c„*(l-s'N) -f- 

^ 

Vo Oo* 


(37) 


then x/y = 0 . For this and smaller values of Xo/Vo all passive indi- 
viduals exhibit behavior B . 

It may seem stiange that equations (36) and (37) are not sym- 
metric. This IS due to the fact that we vary Xo/Va for a fixed yo . We 
obtain corresponding expressions if we keep Xo constant 

Putting a = 10 ind./day, ao* = Co* = 10® ind./day, N — lO’ ind., 
= 1 3 X 10' ind., and e = s' = 0 8 X 10 ", we find that x/y = oo 
when *0/2/0 = 15, although x/y = 1 when *0/2/0 = 1 . With *0 and 2/0 
being only of the order of 1% of the total population, we see that a 
rather small change m the size of the active group may change the 
behavior of the population appreciably. 
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CHAPTER IV 

A MORE EXACT TREATMENT OF THE PREVIOUS CASE 


It has been emphasized m the previous chapter that an assump- 
uon of a sharp division into active and passive individuals is made 
only as a convenient approximation. Actually, there are continuous 
gradations between the two groups. We shall now investigate a rela- 
tively simple case of such a giadation. 

Generalization of the previously studied case is not unique. Dif- 
ferent generalizations may lead to the same type of particular case. 
We must, therefore, choose more or less arbitrarily one of several 
possibilities without any prejudice to other possibilities to be studied 
later.i 

Let us consider that every individual hai a tendency to the ac- 
tivily A , measured by a coefficient a < 1 . The quantity 1 — a meas- 
ures, then, his tendency for the activity B , It a == 1 the individual’s 
tendency for A is maximum and that for B is zero. Let the population 
be characterized by a distribution function N{a)da, giving the num- 
ber of individuals having an a between a and c + da . We have 

riV(o)<ia = N. (1) 

•'o 

where N is the total population. 

Denote by a: (a) da the number of individuals with a given a who 
exhibit behavior A . Denote by y{a)da the number of individuals 
with a given a , exhibiting behavior B . We have 

y(a)—N{a)—x{a), (2) 

In general, we must assume that the amount of influence that an 
individual exhibiting behavior A exerts towards an increase of be- 
havior A in others is itself a function of a . An individual having 
a = 1/2 IS completely indifferent as to the choice of behavior A or 
B - If he chooses a given behavior due to the influence of others, he 
will himself exert hardly any influenoe upon others to choose the same 
behavior. On the other hand an individual with a = 0 will not only 
choose of his own initiative behavior B , bqt will starongly influencie 
others to choose that behavior. For simplicity, we choose for 
the amount of influence of an individual the eepre^ion 

86 
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(l-2a)=. (3) 

Expression (3) is everywhere positive, is zero for a ~ 1/2 , and is 
also equal to 1 for it = 0 or for a=l. Accordingly, we consider that 
an individual, characterized by a given a and exhibiting behavior A , 
influences other individuals to choose A to the extent 

/^(a) =a(l-2a)^ (4) 

while an individual with the same a , but exhibiting behavior B , in- 
fluences other individuals to choose B to the extent 

/i,(a) = (l-a)(l~2a)^. (5) 

Thus an individual with a = 1/2 does not exert any influence one way 
or another, as stated before. An individual with a = 1 , when per- 
forming activity A , influences others to perform A in the amount a , 
An individual with a = 1, but performing activity B , does not in- 
fluence others to perform B at all. This is psychologically plausible. 
For an individual with a = 1 can perform B only under duress, since 
it is contrary to his inclinations, and he certainly will not attempt to 
induce others to do the same thing. 

As stated above, individuals with a — 1 always exhibit behavior 
A regardless of what others do. Since, mathematically speaking, the 
number of such individuals N(,l)da is infinitesimal, even if N(i) is 
large, we must consider that all individuals whose a lies between 1 
and 1 ^ , where is a small quantity, always exhibit behavior A , 

regardless of the behavior of others. Similarly, all individuals with a 
lying between 0 and A always exhibit behavior B , The quantities 

r x{a)da and f [hT (a) —»(»)] da (6) 

♦'i-A •'o 

play the roles of sso and yo of the previous chapters, respectively. 

With these assumptions we may set, by an argument similar to 
that used on page 27 of chapter iii and with a' as the integration 
variable*. 


dt 



a' (1 — 2a')* a (a') do' 


^ d-a') a-2a')^ [N(a') 

$ipi<!e the integraJs ai« conatanty, indl^fpendent 


(V 
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we have 


X = 



da,, 



a'(l — 2a')®a:(a') da' 



- a') (1 — 2a') [2V(a ) — * (a') ] da' . 


At all times, however, wo have 


( 8 ) 


(9) 


a;(a')—Nia') for 1 — d<a<l; 

( 10 ) 

a:(a') =0 for 0<a'<A. 

Everywhere else a? (a') is determined only by the initial conditions. 

If N(a) is synimetiical with respect to a = 1/2 , so that iSr(a) = 
JV(1 ~ a), then if for t — 0 , r (o') = 0 everywhere in the interval 
[0 , (1 *— A)1, the first integral of equation (9) is less than the sec- 
ond for f = 0 . The first integral is then equal to 



a'(l — 2a')^iV'(a') da', 


( 11 ) 


while the second may be written as 


r (1 — a') (1 — 2a')* hr (o') da' 

•'o 

+ J'"'' (1 — a') (1 — 2a') * W (o') da' . 


( 12 ) 


Because of the symmetry of Nia.'), ki is equal to the first integral 
of expression (12), the second being positive. Hence fci < fe . In that 
case, according to equations (7) and (9), X can only decrease for all 
a < 1 — ,d , Hence, all individuals with a < 1 — .d will continually 
exhibit behavior B . Similarly for a symmetric N (a) , if at the begin- 
ning a (o') = iW(a') everywhere in tho interval (A , 1), we find that 
such a situation remains unchanged. Hence, as in chapter iii, for a 
symmetric Nia) (corresponding to *o ~ y« , Oo = ««), we have two 
possible configurations, either a behavior A by almost the whcfie 
group, or behavior B , 

The following consideraiionB emphasize still more the analogy 
with* the former results. Since equation (7) is independent of a in 
(he right member, a!(a , f) comdirts of two components 
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X = Xi(a.) + XeCt) 

where the first component is independent of t and the second of a . If 

f (1 — 2a)® (1 -o) N(a) da, 

•'o 

Is— f a(l — 2a)® a;i(a) da, 

•®o 

the latter being: a functional h{Xx), and 

I = h-h, 


then I is independent of a and of t , though I is also a functional of 
Xx . Equation (7) now becomes 


dxa 

dt 




It is no restriction to suppose that Xs (0) = 0 and hence that Xi (a) 
gives the initial distribution. Hence, 

a;, = 3I<e*/»-l). (13) 

The increase is exponential and is in favor of A when 7 > 0 , in favor 
of B when 7 < 0 . 

Equation (13) is analogous to equation (21) of chapter iii. 

If N (a) is asymmetric, then the whole situation may change. In 
that case hi is not necessarily smaller than hi . Let the asymmetry 
favor large a’s , so that 2V(a) < 77(1 — a) for a < 1/2 . Denote the 
two integrals of equation (12) by fcj and fe* respectively, so that 

ki=ks + k^. (14) 

We now have 

hi ^ hi , 

If 

hi hs'^ht, (15) 

then 

hi^ hs , (16) 

and «(a) will increase everywhere, except for a < J . But an increase 
of X (a) reduces hi and increases fci , thus further enhancing inequal- 
ity (16). Hence, the increase of a; (a) will continue until all indi- 
viduals, except those with a < .d , exhibit behavior A . Thus inequal- 
ity (15) is the condition for the g^'oup to pass from behavior B into 
b^avior A . Condition (16) may actually require a very small 
asjTanMtry if 17(a) is large only in the immediate neighborhood of 
a 6= il/2 , vdiere (1 — 2a')’* is very small, for in thAt case &* is a 
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small quantity, and a very slight asymmetry of N (a) will result in 
inequality (16). But there is always a threshold value for the neces- 
sary asymmetry. 

By a similar argument, we find that an asymmetry of N (a) in 
favor of smaller a’a, if exceeding a threshold value, will result in be- 
havior B for the whole group, except for individuals with a > 1 — A . 
Those results are essentially identical with the results of the more i-e- 
stncted treatment of chapter iii. 

More complicated relations may be studied by considering the 
case of different susceptibility of the different individuals to the in- 
fluence of others. We may, for instance, consider that the susceptibil- 
ity of an individual to the influence of others exhibiting behavior A is 
proportional to Uie value of a of that individual, while his susceptibil- 
ity to the influence of others exhibiting behavior B is proportional to 
1~ a. We shall then have, instead of equation (7) , 

dx(a) f' , 

= a I a' (1— 2a'y xia’) da' — 

r. " 

(l-a) J (l-tf) (l-2o')= 

n 

Investigations of this and other more complex cases present an 
interesting study. 
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CHAPTER V 

ECONOMIC INTERACTION IN A SOCIAL GROUP 


In, chapter iii yre discussed some possible interrelations between 
social classes based on the different amounts of initiative and imita- 
tiveness. In this chapter we shall discuss an interaction of classes 
based on a different characteristic, namely, the difference in different 
people of the ability to perform different kinds of work and to pro- 
duce different goods. In a sense, such a discussion should lead us into 
the domain of mathematical economics, and in this field a very con- 
siderable progress already has been made by well known worka^ of 
mathematical economists. However, we shall approach these prob- 
lems from a somewhat different point of view which will bring out 
particularly the social aspect of the interrelation of economic classes. 
In order to do so, we shall start again with highly oversimplified hypo- 
thetical cases. In view of the fact tiiat much more complex and rea- 
listic eases have already been treated, it may seem rather strange to 
start again with oversimplified cases. However, as we shall see, the 
problem which interests us here is different from the usual type of 
problem treated, offering its own complications; this consideration jus- 
tifies the apparent set back. Our failure to make use of those well- 
known results is due not to ignorance or neglect, but to the circum- 
stance that the particular problems discussed here are not yet ripe 
for the use of those more advanced results. 

Let us again consider for simplicity a society composed of two 
types of individuals I and II , their corresponding numbers being Nt 
and Ns . Let these two types of individuals form two corresponding 
social classes, class I and dass II . Let us consider the following 
purely hypothetical case.= 

Eadbi individual of type I produces per unit time an amount Pi 
of goods necessary for the maintenance of his life, and he consumes 
per unit time an amount Ci of these goods. Similarly every individual 
of type n produces and consumes correspondingly the amounts jj* and 
Oa . lAt 

N»«Na; St— Pi — Ct>0 and ei~p^ — Ci<0, (1) 

Then, in the absence of any exchange of external supply, the indi- 
t 40 
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viduals of type I are capable of indefinite existence, those of type U 
are not. 

Now let the individuals of type I be capable of organizing their 
work, as well as the work of individuals of type II , in such a way 
that the production of the necessary goods is largely increased. In 
other words, let the production of the goods require a certain amount 
of organization skill, which is possessed by individuals of type I , but 
not by those of type II, so that while by themselves the individuals 
of type II cannot produce enough goods, they can do so under the di- 
rection of the individuals of type I . 

Although this is a rather abstract situation, it reminds one of 
some real situations. Thus a large number of worlcers who produce 
complicated machinery in a factory as a result of work directed by 
a group of engineers and executives would not be able to produce the 
same results when left to themselves. 

Under the conditions assumed above, the following relation may 
naturally be established between the individuals of type I and those 
of typo II . The latter will agree to work under the direction of the 
former so as to increase their output in goods, provided they re- 
ceive a part of the goods thus produced for their consumption. On 
the other hand, the individuals of type I , unless they act purely al- 
truistically, a supposition too unlikely to be considered even theoreti- 
cally, will a^ee to direct the work of type II individuals only if they 
also receive pai’t of the goods thus produced. Each individual of type 
II will give an amount uo of his labor per unit time. The amount w 
may be conveniently measured in working hours per day. In compen- 
sation for that amount of work, he will get an amount Sw of goods. 
The quantity 6 may be considered as the price of labor, paid not in 
money, but in goods directly. 

If, for simplicity again, we consider the case in whidx all N* in- 
dividuals of type II are working in the way discussed above, the total 
amount P of goods produced under the direction of individuals of 
type I will be proportional to NtW, thus 

P = AN^w. ( 2 ) 

The coefficient of proportionality A will in general depend on both 
Ni and Na , so that 

( 3 ) 

The nature of this functional dependence will be determined by the 
character of the labor involved, methods of production, etc. In the 
simplest case, however, it can be seen that A(Ni , Na) should be, at 
least appr(Kfdmstely> a function of NV/N* , so that 
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A=i 



> 0 . 


( 4 ) 


The reason for this assertion will be apparent if we remember tiiat, 
other conditions being kept constant, increasing m times both and 
Nj should increase P approximately m times also. Hence, such an 
increase must leave A invariant. 

Some other properties of the function f in inequality (4) may 
be found from general considerations. Since in the absence of indi- 
viduals of type I no goods are produced under their direction, we 
must have 

f(0)=0. (5) 


Keeping Ni , 
ing the ratio 


the number of workers available, constant but increas- 





( 6 ) 


by increasing N, , will, for small values of Ni , increase P . But when 
for a constant Nt , the number Nt exceeds a certain amount, any fur- 
ther increase of Ni will not result in any increase of P. A certain 
number of workers may require a definite number of supervisors, but 
an excessive number of supervisors does not increase the output. 
Hence, f (rj) must either have a maximum for a certain value of rj , 
or it must increase with , approaching asymptotically a constant val- 
ue. 

In order to obtain closed expressions, we may consider as a very 
rough approximation the following expression: 

/(>?) =/«(!“ 6-“’'). (7) 

This, of course, does not preclude considerations of other forms. We 
may take also 

— ( 8 ) 

and consider this expression only in the range 0 < j? < Oi/Os , for 
which the expression (8) is positive. It has a maximum for jj 
the maximum value being fm — i(aiVoa). 

Introducing equation (6) into equation (4) and then the latter 
into (2) , we have 

P=fiv)N^w. (9) 

Of the total amount P of goods produced* an amount is received 
by the W, individuals of type II , iiie remaining amount being retained 
by those of type I , Hence, the net rate of increase of the total amount 
Wi ci goods, produced by individuals of type I themselves and by those 
of type II for class I, is; 
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dW^ 

—- — N-,Si + eNtW, ( 10 ) 

(au 

and, similarly for class II: 

— = + ( 11 ) 
di 

Even though, according to expressions (1) ej < 0 , dWJdt may be 
positive, since BN^w > 0 . It must be remarked, however, that we 
obtain the same type of interaction of the two classes even when both 
El and are positive. This type of cooperative interaction may in- 
crease the rates dW^/dt and dWt/df from their values N^t, and N^ei 
which they would have in the absence of such a cooperation. This pre- 
supposes such a choice of constants that 

( 12 ) 

Inequality (12) Axes the highest "price” that the first class will 
be willing to pay for labor. The actual 0 is determined by the demand 
of the individuals of type 11 for the goods produced. Just as in the 
standard treatments of mathematical economics, the larger 6 per unit 
of w , the more of to an individual is willing to give. Hence 

io = ?t(e), (13) 

u being an inci easing function of 6 . For simplicity let us put 

b 

w = iVo — ~, (14) 

V 

Wo and 6 being constants. Expression (14) is suggested by the use of 
simple linear approximations for demand curves and by remember- 
ing that ~ may be considered as the "price” of the goods in terras of 

labor. For 0 < b/Wo, when w becomes negative, individuals of type 
If will not agree to work at all. For 0 = oo they cannot work more 
than the physically possible amount Wo . 

Introducing equation (14) into (10) gives: 

- 0] (w. - 5 ^ , <15) 

The derivative dWj/dt is now a function of 9 , and if the individuals 
of type 1 wish to make dW^/dt as large as possible, the? will agree on 
a 9 which makes the right-hand side od^ equation (16) a 
This happens for 
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0 = (16) 
\ Wo 

and, for the maximum value of the right-hand side oi equation (16), 
the latter becomes 

dW^ ^ 

= N,ex + Ni [Wof (if) + b — 2 (??)]. (17) 

dt 

Introducing equation (16) into (14), and then both into expression 
(11), we find: 

dW^ ___ 

= Nz[ei — b H- -s/bWof it})} . (18) 

dt 

* 

Equation (17) may be written thus: 

dWx 

— NzUii] + wj{t}) +b — 2 \/bwJ it}')'] , (19) 

dt 


In order for any such interaction as discussed here to be possible at 
all, both classes must gain something. This imposes certain inequal- 
ities on the constants, namely. 


Sit] + Wof (rj) +b — 2 V&WoMry) > 0 , (20) 

and 

ez — 6 + YbWofJjt) > 0 . (21) 

If inequality (21) is to hold, and if < 0 , then a necessary condition 
is 


y/hwafii}) ~ b > 0 , 


Because of equation (16) , and since necessarily 0 > 0 , tiiis requires 
that 

b<WofU), (22) 


but inequality (22) is not sufficient in this case. In the interval 

0 < b < mofivj), the expression y &«?<,/(»?) — 6 is positive and has a 
maximum for 


wofiv) 

Q ' — — "l 

4 

the maximum value being equal to 


(28) 


W(»7) 

4 ' 


( 24 ) 
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Hence, for eg < 0 , inequality (21) requires not only inequality (22) 
but also 


Wofiil) 

— j->H. 


(26) 


Requirement (20) may be replaced by a more rigid one, namely. 


Wof(v) + b — 2 y/bWofb]) > 0 . (26) 

Only in this case is dW}/dt larger with the cooperative arrangement 
than without it. But for values of b in the neighborhood of bm the 
expression b — 2 ■s/hwJiri) is negative. However, for b = b», the left- 
hand side of inequality (26) equals \ Wnfiv), ai^d (26) is therefore 
satished. 

These considerations diow that b would have to be in the neigh- 
borhood of bm in order that there should be a gain from cooperation 
to individuals of class 77 if ea < 0 . A value of b too large or too 
small results in a loss to the individuals of type 77 . If, however, eg > 0 , 
then all that is necessary is that b should be suiSciontly small. In this 
case too large a “price” asked for labor will result in the impossibility 
of reaching any agreement or cooperation. 

If fig < 0 and inequality (25) holds, then with b ~ b,„ , dWy/dt > 
dWa/dt . Equations (19) and (18) integrated give: 

Wi = T/gfciij + iVaf (»;) + b — 2 y/bWofiri) ] t > (27) 

Wa — Nale^-b + V^wJUj)lt+W^, (28) 

where Wai and Pit^o 2 are initial values. If wo start with equal amounts 
of W per capita, so that 


» 

(29) 


Na 


- vWoa , 

(30) 


then for < — 0 , Wi/Wt ^ ri , while for sufficiently large i this ratio 
tends to 

Wi a , 9 -t- W ifi) + b — 2 ■\/hwJXn] ^ ^ ^ 

— — (31) 

. Wa s* b + VbWo/ in) 


Thus, there wi.ll be a gradual increase of the ratio of the amount of 
goods accumulated by class 7 to the amount accumulated by class 77 . 
We may consider a somewhat more complex and perhaps more 
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natuial situation in which an individual of type 11 receives goods not 
only in proportion to the amount of labor he expends pei unit time, 
but also in proportion to the amount of goods which he produces per 
unit time under the direction ot individuals of type 1 

Expression (2) tacitly implies that the amount of supervisory 
work done by individuals of type I per unit time is constant. It is of 
interest to consider the more general case, in which P is proportional 
to the product Wi.Wi of the amounts of labor and given per unit 
time by individuals of type 7 and II . The quantity P is by definition 
the amount of goods produced per unit time by individuals of type II 
under the direoiton of zndzvidmls of type I . Therefore, P should 
vanish for either Wi = 0 or lO/ = 0 . Thus, we shall now consider the 
case where 

P = / ( — ) , (32) 


/(jj) being the same as before. 

We now find, instead of equations (10) and (11), the following 
equations for the rates of change of the total amount of goods Wi and 
W* possessed by all individuals of typo I and II correspondingly; 

dW, 

~r- — Nxe, + iVa/(»/)e(i,Wi(l — 6) , (33) 


dW^ 

dt 


— NiPi + 0Ntfiri)WiWi, 


(34) 


By definition of 6 we always have 6 < 1 . 

We have supposed that the ‘price” d is related to the amount of 
labor zvs by a simple hypothetical demand equation: 


Wt = Wo2 ~ 


b. 

9 


(36) 


where Wo 2 and 62 are constants A similar situation may be considered 
for . Individuals of type 7 will be willing to give more supervis- 
ory labor, the greater the ampunt of additional goods they receive in 
return. We shall, however, introduce here in our assumptions an ex- 
plicit asymmetry in the behavior of the two classes, This is made 
partly in order to simplify some calculations. The effects of not irtr 
tfodufiing such an asymmetry will be discussed at the end of this chap- 
ter. 

We shall assume that while the individuals of class 77 ijetermine 
the amount of labor they are willing to give by the fraction of the 
goods which they receive in return per unit of goods produced, the in- 
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dividuals of class / determine the amount of supervisory labor which 
they are willing to give by the total amount of goods which they re- 
ceive from class It per individual of class 1 as the result of coopera- 
tion. Thus we shall put 


Wi = Wai 


6x 

P{l-6)/N^’ 


Introducing for P its expression (32), we find: 


tVi = Wax 


M 

f U)WxWa{l — 6)' 


Equation (36) may be written: 


(36) 


/(i?) (1 — — Woi/(ij) (1 — (9)WjWi + 6,97 = 0 . (37) 

Solved with respect to Wt , it gives; 

Wat '\/W\xfHr)) (1 “ iixvf W (1 ~ 

Wi = = . (38) 

2 2fifi)a-e)Wa 

We shall now discuss the second term on the right side of equa- 
tion (88). This term represents the amount of goods received per 
unit time by all individuals of type I from those of type II . To this 
end consider the expression w,«a(l — 6). From equations (38) and 
(35) we find after rearrangements: 


WxWAl — 6) 


nw 


X 




46i>/ 


The expression 


/();) (1 -- 0)w\x ( Wat — 6,/fl) 
X= {l—6){Wai~ht/6), 


J - 


(39) 


(40) 


which occurs in the denominator under the radical sign, has a maxi- 
mum for 


0«x 



(41) 


The maximum value of a is equal to: 


If 


Xviat = lOfla + 62 ~ 2 y/VtWat . 


(42) 
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ibitj 

firj) W^oiUCv 


Xki j ^ f (43) 

then the expression WiWjCl — 6) has two real positive values for a 
ffiven 6 , provided 6 lies within an interval 

< 0 < < 1 , (44) 


which is in the neighborhood of the value given by equation (41) . The 
quantities ffi and 6^ are roots of the equation obtained by equating the 
right-hand side of equation (40) to the right-hand side of inequality 
(43). 

If inequality (43) does not hold, then WiWj (1 — 0) , and therefore 
the last term of equation (33) is imaginary. Under these conditions 
a cooperation of the two groups is impossible and no agreement as to 
price can be reached. It is interesting to note that inequality (43) , 
which represents the conditions for the possibility of cooperation, in- 
volves such quantities as the function /(i?) or the constant Woi , which 
are more or less of a physical nature, as well as the constant bx , which 
is more of a psychological nature. 

The existence of two values of the expression WiWg(l — 0) is due 
to a two-valued nature of Wi , as defined by equation (36) . This, how- 
ever, is not connected with the specific analytical expression chosen 
for Wx. , but lies rather in the nature of the general assumption made. 
The relation of to the return in goods is such that for returns be- 
low a certain value the individual will not wish to give any labor, while 
for increasing return the amount of labor invested increases, tending 
to a limiting value determined by the physically possible maximum 
of labor given. This, combined with the assumption that tiie return 
ih goods is in its turn proportional to tiie amount of labor given, leads 
to the two-valued character of iPi in terms of 0 . The left-hand side 


of equation (36) is reia*esented by a straight lino, (Figure 1), while 
tij^tband side is fspresented by a curve whi^, regardless of its 
4stailad analytic specification, in g&neral, intersects the strai^t line 


hew to equation (89), fve sese that tiie value of 
wbich corresponds ti) the upper sign b^ore tii® radical 
tils Jfurgesfc of Wbeh ^ 0^ , as glyOR by ^nation 

‘ en4 ^ Jh teont of 
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a maximum for the upper sign before the radical. For the lower sign 
it may or may not have a maximum. 



Figure l 

(Reproduced fiom P^yehometrika, 1940, Volume 6, with the permiBsion of the 
editozB ) 

In chapter iii we have established some equations describing the 
conditions undei' which one of the two classes controls the behavior 
of the other regardless of such interactions as studied here. If tiie 
relations between the constants involving social control are such that 
in the present case class I , which is composed of individuals of type 
I , controls behavior of class II (an assumption which is not a pHori 
necessary), then class I will prescribe as price for the labor of class 
II the value 6m , for this makes dWi/dt a maximum. 

Due to inequalities (1), dWi/dt is always positive for fl < 1 , but 
dWt/dt may be negative. It 6= 6m, then, in order to make dW^/dt 
positive also, we must have 

ffWatw* > — -rrr 6 = 6m', (46) 

fiv) 

otherwise, the *VeaW' of class I will Increase while that of class II 
will decrease. Class II will not be able to ekist indefinitely, and with- 
out it class I will also not be able to have additional goods. A con- 
tinued negativity of dW^/dt will result in a decrease of Nt , and this 
will result in a decrease of P and of the last term of equation (38),. 
Thus condition (44) is necessary, but not suflident, for the coexistence 
of two such classes. It must be supplemented by condition (46) » 

If class I fixes 4 at , this will make dWt/dt a maximum, but 
tide doSs not mean that the rate of increase of the total goods fo^ both 
<^li«tees, that is d(Fi + W^s) /dt , will be a maximum, in fact, this vyiU 
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not be the case. From equations (33) and (34) it follows that 
+ Wi)/dt has a maximum for such a value €'m of 6, for which 
WtWi has a maximum. Denote 

2/i = WiW2>0; yi = WiWiil — 6) =yi(l — 0) > 0. (46) 

The quantity 6 m is defined as that value of 6 which makes Vi a maxi- 
mum. Hence 

dUi 

^ = 0 for « = (47) 

d0 

If IS the value which makes y^ = yi{l — 8) a maximum, then 

dui 

— = 0 for 8~6m. 

de 

But for 6 = 6m> because of equation (47) , 

dUi dvi 

-J=-y.(0 + (l-0'm)-^=-3fe<O. (48) 

dd do 

Hence > 8m . 

In other words, under such conditions as are described by equa- 
tions (33), (34), (85) and (36) , such a cooperation of the two classes 
which is optimal for the population as a whole will not b^e optimal for 
class I . 

Denoting by 9''m the yalue of 9 which mak^ SwiWs a maximum 
and therefore gives a maximum dWJdt , we can prove by a similar 
argument that 

8\>9'm>6,,. (49) 

If class 11 controls the behavior of the population, or if a third 
class is present which, while not participating directly in the coopera- 
tion discussed here, nevertheless influences the behavior of the popu- 
lation by virtue of a social mechanism discussed in chapter iii, then 6 
may be fixed either at 8'^ or at 8'’m . This will lead to optimal condi- 
tions for either the whole population or for class II . It may, hoi^ever, 
happen that 8"^ > Oj,, or even 9’„ > Sg [Equation (44)], In this case 
no cooperation will be possible at all. Glass I will continue to exist 
due to ei > 0 , though &e rate of increase of its wealth will he very 
much reduced. Class II will not be able to exist indefinitely. Under 
the cqnditions studied here, the coexistence of the two classes may be 
possible for a certain choice of Constants, only when it dorresponds to 
«coaditjons close to those optimal for clslss f , 
j, tip dp not introdnisq the aaymmefcty repressed in, the difterent 
qi egnatiomi (85) and (86) , but take for^i an, expression 
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Similar to (35) except that 6 is replaced by (1 — 6), we will have sim- 
plified the situation somewhat. We now would have: 


{l — e)%0itVi= {1 — 6) 




(50) 


which has a maximum foi 



(lOpi— h.)b, 

WoilOn 


(51) 


As befoie, we shall find 6 „ > 6, u'> 8„. 

On the other hand, it we take tor both Wi and lOi expressions of 
the form ot equation (36), then the situation is mathematical! j’ more 
complex. Although essentially similar results are obtained, closed 
expressions are very cumbersome, for we have to deal now with two 
simultaneous quadratic equations which reduce to a single fourth de- 
gree equation. 

The ditferent expressions that may be used for Wi and u'i corre- 
spond to different assumptions about the psychological attitudes taken 
by each class towards cooperation of the type described. The rela- 
tions discussed here are too simple to be of any practical use. They 
merely illustrate how different psychological attitudes of different so- 
“cial classes may be in principle translated into mathematical language. 
But it IS only through the study of such simple illustrations that we 
may hope to arrive at the study of more concrete real cases. 
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CHAPTER VI 


MORE COMPLEX CASES OF INTERACTION OF 
SOCIAL CLASSES 

I 

The different types of interaction of social classes studied in 
chapter iii-v are substantially of two kinds. Those treated in chapter 
iii and iv may be described as more of a “psychological” natpre ; those 
discussed in chapter v may be said to be primarily of an "economic" 
character. No sharp distinction can be drawm, however, between the 
two kinds. The two different activities A and B discussed in chapter 
iii may, for instance, consist of the buying and use of certain goods 
or services, and the two opposing active groups may represent two 
competing groups of manufacturers trying to impose by advertising 
the use of their corresponding products on the passive population. 

The individuals composing the “organizing” class, discussed in 
chapter v, need not necessarily be "active" in the sense defined in 
chapter iii. A person may have organizing and technical abilities but 
not care particularly to use those abilities. If, however, the exhibi- 
tion of such abilities is considered desirable by a larger group of 
people, the person may actually put them to use. Thus, he may be a 
sort of "passive technical organizer.” 

In spite of this lack of sharp distinction, the two kinds of inter- 
actions may perhaps typify some actually existing situations. In any 
country we distinguish, in general, two groups of individuals who 
characterize the general sociological setup of the country. 

One class supplies the legislative activity, sets forth the legal 
codes to be followed, and sees to the enforcranent of the laws. This 
class is not infrequently also the military class, in which a control 
of a large number of passive individuals by a smaller number of ac- 
tive ones is certainly not based on any economic interaction. 

The other class is composed of industriaUsts and tradesmen— 
people that are primarily interested in the pr<;we|Bs of producing dif- 
ferent good)! for the iif^rovenjent of’ conditions life and thus con- 
stitute the economic taa^bohe of the country. 

Again it jtaust‘he 'sai4'ih|i^tetnetSines thete hO eharply Indi- 
cated lines 0# didsisPS.' Ih ^fdaceane cases. 
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however, the possibility of such a division becomes apparent. We have 
on one hand highly militaristic countries, such as tsarist Eussia or 
prewar Japan, with a relatively small industrial production and small 
per capita national income"* ; on the other hand, we have such coun- 
tries as the United States and Canada with high national per capita 
incomes but with very little, if any, militai'y activities. 

It lies essentially in the nature of any military or legislative ac- 
tivity that it must be imposed on the population by decree rather 
than by mutual agreement. On the other hand, the "economic” inter- 
action studied in chapter v is based fundamentally on mutual agree- 
ment apparently free from oveii compulsion. We should therefore 
expect a relatively high coefficient of correlation between technical 
organizing abilities and general tolerance to the opinion of others, as 
well as a higher interest in the worldly goods and comforts of life. 
We should also expect a relatively high correlation between the mili- 
tary and legislative abilities and general autocratic tastes, as well as 
a lesser interest in the material comforts of life. There may be some 
parallelism between the subdivision into these two types and P. Soro- 
kin’s' division of individuals into the ideational and sensate. 

This parallelism is not complete, however, primarily because we 
should consider still another type of activity, which is better de- 
scribed by the interaction studied in chapter iii, and yet is not of a 
military or legislative nature. This type includes religious activities 
which, as history shows, have been frequently imposed on the popu- 
lation by methods very far from those using free mutual agreement. 
An extreme case of a country with a strongly pronounced active group 
of that type would lack both industrial and military development. 
China and India may perhaps be considered as approximately that 
type. 

Moreover, a country may possess a sufficiently strong "organiz- 
ing” class to provide for high technical developments ; yet the mili- 
tary class may be even stronger and impose its general behavior on 
the population. We may thus have a country with high technical ad- 
vances, yet characterized by a strong political intolerance. Such was 
the case, for example, with Nazi Germany. 

A class may also be subdivided into subclasses, the interaction 
of which may be studied. Thus tlie technical and organizing class may 
be divided into the industrial and agricultural class, etc. 

The above discussion indicates the desirability of a theoretical 
study of interaction between two or more classes, of which some p<w- 

Although the per capita tutiome in Soviet Ruaaia ta also rather low, we 
refer to tsanst Russia only because Soviet Russia appears to he in a transient 
period Pf rapid indasti*ial eapantion. 
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sesa the charactenatics desciibed in chapter hi, some— the charac- 
teristics described in chapter v. For brevity we shall call the former 
the “autocratic” class, the latter the “oigamzing” class. We shall con- 
fine ourselves here to the study of three classes: an autocratic, an 
organizing and a passive one. 

To begin with, we may consider the following case®: Let the num- 
ber of individuals in corresponding classes be Ni, N 2 , and Na . Let 

N = N^ + Na+Na. ( 1 ) 

We shall denote the corresponding coefficients of influence hy (h, <h, 
and ttj . Let us consider the first type of interaction, tliat of constant 
effort. Let 

a ciz — a, 

> M-t Na. (2) 

a, -h a ai + Oi 

This is essentially the inequality (8) of chapter iii, with changed no- 
tations, It expresses the condition for class I to control the behavior 
of the whole passive population. The general behavior pattern will be 
determined by the dictates of class J . 

Let class II , on the other hand, be an organizing class. If the 
organization of class III by class II, in order to increase the pro- 
duction of some useful goods, will not inteifere with the general be- 
havior pattern imposed by class I , then class II will be permitted to 
proceed with such an organization, provided a certain amount of the 
useful goods produced will be given to class I . 

Concerning the interaction between class II and class III , sev- 
eral different assumptions may be made as we have seen. For the 
sake of definiteness, we shall consider here, as an illustration of the 
method only and without any prejudice in favor of it, the case dis- 
cussed on page 46. Again denoting by 9 the fraction of goods pro- 
duced which is given to class III, by Wa and w, the amounts of labor 
given by glass 11 and III respectively, and assuming as before “de- 
mand functions” of the form 


IWa— W(Bi- 


hu 61 

> Ula^Woa ' , 


( 3 ) 


we find, that the amount qf goods received by class II , in the absence 
of any injterferetMjO by class J , is 


(4) 
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Let us consider, however, that class I , which controls the whole 
situation, will require a certain fraction a of everything produced by 
the cooperation of classes II and III . Thus class II will now retain 
only a fraction (1 — (1 — a) of goods, while class III retains only 

^(1 — a). Those amounts should be introduced now into expression 
(4), instead of (1 — 6) and 6 , i-espectively. Moreover, it may be ar- 
gued that the constants bt and 6, are functions of f , for / measures 
the efficiency of supei vision, and the greater / , the larger the total 
amount produced. Thus the greater f , the smaller the fraction of 
the goods produced which may be worth retaining. Hence we put 



Instead of expression (4) we now have 

Nifii — e)(w'a2—— — — r) • (6) 

\ f(l — e)il — u)/\ a)/ 

Class II will fix 0 in such a way as to make this quantity a maximum. 
For a fixed a , the \alue d, of 6 which maximizes (6) is equal to 


. (7) 

On the other hand, class J , if it controls the whole population com- 
pletely, will fix a at a value a™ in such a way as to maximize the total 
amount it receives, namely, 

Mja - ® 

By substituting (7) into (8), we obtain the latter expresaion as a 
function of a only. By differentiating we then find the value of a« in 
terms ot N-,f, j w« 3 , b*' and bi' . Substituting that value ct» into 
(7) wo find as a function of the foregoing six quantities. Once 
and am are determined, we have the total rate of accumulation of goods 
by each of the three classes, according to equations set up in chapter v. 

Relation <4), chosen as an illustration, does not allow any ex- 
pression for and «« in closed fom. The same holds about other 
similar relations. More or less complicated approximate solutions ojf 
this problem are hardly urorth while at this stage since the assumiK 
tions made are too crude to be applied to actual cases and since 
any accurate data on the subje^ are available. As a second 
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tion we shall consider a somewhat different picture, which will be 
moi'e familiar to the student of mathematical economics. 

Consider class II as a monopolist, producing an amount u of goods 
at a cost q (tt) , and let’ 

q(u) " + Bu -V C , (j4,B,C>0). (9) 

Let the goods be sold at a price j> per unit, and let there be a demand 
function for the goods of the form 


y = b' — a,'p, a', b' > 0 . (10) 

In actual cases q (u) is composed of the cost of labor as well as cost 
of material, transportation, etc. We shall consider here, for simplicity, 
the fictitious case where q(u) consists only of the cost of labor. The 
situation, though unreal, is not quite impossible. If we consider the 
interaction of several industries, then there is an exchange of ma- 
terials between them, which enters into q{u). The cost of matcnal 
for one industry amounts ultimately, however, to the cost of labor 
in another industry, which produces it. Therefore if we consider a 
sort of average for all industries, and denote by u the amount of goods 
produced by all of them, then q eventually becomes the cost of labor 
only. This, of course, introduces the question of whether we can meas- 
ure the products of different industries in common units. Inasmuch 
as we are discussing here only a iheoretical case, we need not worry 
further about the assumption made. 

Let class I impose a tax f per unit of goods produced. It receives 
altogether an amount of money, which in terms of goods is equiva- 
lent to Itt/p units of goods. Class 11 produces v. units of goods. It 
pays for those goods to class III the amount q{v), which is equiva- 
lent to q (w) /p units of goods. Moreover, it pays to class I an equiva- 
lent of lu/p units of goods. It retains v.~q(v.)/p~ ^u/p units. Class 
III gets an equivalent of q {u) /p units of goods. The case, though at 
first flight very different from the one discussed before, can be thus 
expressed in terms similar to the former. We have 


u ’ u 


The relations between 6 and a assumed here are, however, different. 

If class IT adjusts the production so as to maximize its profits, 
we have (ref, 3, p. 50) 
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6' + ZAa‘h + iB + ^)a 
2a'(l + Ao') 


(13) 


Consider the case where class I determines the taxation in such a way 
as to make the amount gu/p a maximum. Equations (12) and (13) 
give us the amount of such a tax. The expression for in that 
case can be obtained in closed form. However, it is rather clumsy and 
unusable. We may consider an alternate hypothesis, namely, that 
class / fixes I so as to maximize not the equivalent amount la/p of 
goods received, but the monetary rate fit . 

Thus we must consider in terms of money also the amounts re- 
tained by class II , namely, pxi — q{^l) — tit , and by class III, namely 
q (u ) . This gives 


<in 


V — Ba' 

2tt' ’ 


(14) 


which is positive, since h' — Ba‘ is greater than zero.* We also have 


(^W) m/u* 


W-Baiy 

Sffl'd + o'A) ’ 


(15) 


II 

We may also consider the whole problem of interaction of classes 
I and II from a different angle. 

Consider again two coexisting classes I and 11 . Let both classes, 
amongst other activities, perform two given activities A and B , pro- 
ducing correspondingly per unit time some results a and 6 . Those 
results may be considered as "commodities”, either of a material na- 
ture, as food, or of a more abstract nature, as knowledge of some kind 
that may be communicated to others. Let the amounts of the r^ulia 
of activities produced by the first class be Oi and 6i , the amounts pro- 
duced by the second— its and . It may happen that cti is rather large 
while Ot is small, and at the same time &i is small while is large. 
In that case an exchange of “commodities” will take place, the first 
class receiving some & from the second and giving in return s<»ne a. . 

To determine the character of that exchange, we shall use, as 
has been done by other authors*-*, the concept of satisfaction, widch 
we may apply to a class as a whole if the latter consists of approxi- 
mately similar individuals. L. L. Thurstone* has shown that satisfac- 
tion, as a psychological o(uantity, may be actually, though indited^, 
measured and discussed quantitatively, Thurstone comes to the coti- 
elusion, derived from pEqrchologlcal experimental etideaei^ that the 
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satisfaction varies logarithmically with the amount of commodity pos- 
sessed, and he assumes moreover that for several commodities the 
satisfactions are simply additive. However, he makes some reserva- 
tions as to the generality of the logarithmic relation. For the present 
general discussion, we shall not make any special assumptions about 
the shape of the satisfaction function. Moreover, we shall consider 
the satisfaction not in terms of the quantities of commodities pos- 
sessed, but in terms of the rates of productions of those commodities. 
This is psychologically legitimate, for one may derive a greater sat- 
isfaction from producing or receiving per unit time more of a com- 
modity. We sh^l therefore speak of “production” of a commodity by 
a class, even if that commodity is received from outside, for instance 
from the other class. 

We assume that for any individual of class I there is a satisfac- 
tion function Si(a:, y), where a: and y are the amounts of the two 
commodities in question received per unit time. Similarly, for class 
II we have Siist , y). If Ni and N^. are the numbers of individuals in 
classes I and II respectively, we shall define Si {x ,y)= AljSi (a: , y) and 
Sa (»,!/) — NiSi {x , y) as the satisfaction function for classes I and 
II respectively. We shall put 


as, 

■:~ = Xiix,y) ; 
dx 

-~—Yiix,y ) ; 
dy 

(16) 

ax 

dy 

(17) 


If each individual in a class, and therefore the class as a whole, 
agrees to such an exchange for which his satisfaction has the largest 
possible value, and if this exchange goes on in such a way that for a 
unit of a always the same number of units of b are giiren, then we 
may calculate the results of such an exchange by using formulae de- 
veloped by G. Evans (see ref. 3, pages 125^128) . Denoting by Xi and 
Vi the rates of production of a; and y in class I vyhen the ecchange is 
operating, by Xt and y^ corresponding quantities for class II , and by 
Oi , bi » j and bz the corresponding quantities in the absence of ex- 
change, we have for the determination otxi,yi,Xi and y, the follow- 
ing equations; 


^iixx,yx) 

X»(Oi + «a — a, , hi + 5a — 


(IS) 
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yi — hx _ 
Xi — ai 


2/l) 


+ Xi = Cl + Os , 

^ o. ^ 

J/i + I/i — &t + &s - 

Equations (18), (19) and (20) express Xi,yx, Xt and yi in terms of 
fli , &i , fta , and bj ; 

Xi~ Ui (dt tbi , ! hs) Xi — Hi (fljt }bi , Ctx I &a) J 

( 21 ) 

Vi — (®] } bi , tta , bj) ; 2/i — Va (ffil j bj , da , ba) • 

Depending on the choice of the functions Si and S* , a different 
distribution of rates of production will be obtained. It is possible that 
while ai + bi > (la + b> , yet Xi + yt < Xs + y^ . 

The quantities Uj , b, , ax and bs refer to the class as a whole. The 
corresponding quantities per individual shall be denoted by Oi’ , , 

hi and bs' . Thus Oi = NxCUx', etc. 

Let us consider that while class II supplies some material goods 
necessary for life, class I provides for goods of nonmaterial charac- 
ter which are, however, also necessary to the community. These may 
be the organization of military defense, legislation, policing, etc. Class 
II may agree to supply class I with a definite fraction of its products 
provided class I in its turn supplies it adequately with the useful re- 
sults of its activities. The question may arise as to the units in which 
we shall measure the "goods” supplied by class I , While it may be 
difficult to give a general definition of such units for all specific in- 
stances, the problem is solved in daily life. A public officer is dis- 
charged when he does not perform his duties adequately. In other 
woi'ds, he does not receive in that case the remuneration which would 
be forthcoming to a competent person. In all such cases we have an 
exchange of nonmaterial goods against material. It is true that in 
some cases, as for instance in the case of a business executive, the 
performance of his duties may be directly measured by the number 
of dollars of profit which it brings to the business. In other cases, 
however, as for instance in the case of a judge or a policeman or an 
army officer, tliis is not possible. In every individual case, however, 
a definite criterion for measuring indirectly the dollar value of some 
activities does exist, and this defines a practical unit of such an ac- 
tivity. In general, we must consider that each class may produce both 
goods, but one class produces predominantly one type of goods, the 
other class— -the other type. 

Following L. I*. Thurstone* we shall choose as an illustratibn for 
the satisfaction functions s.i and Ss the following expraasions: 
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s^ = Al log atX + log PiV , 
Sb = Aa log atX + Ba log PiU . 


( 22 ) 


For the sake of simplicity we shall first put Ai = Aa = — B^ 

= Oi != /Si = 02 = = 1 , so that = Sb = s; in other Avords, we 

shall consider first the satisfaction function as being the same for all 
individuals and study only the effect of different ability to produce a 
given good or service. 

We have 

S^ = N^s. Sa = NaS, (23) 


while Xt,Yi, Xa , and Ya are defined by 
aS._ dSa_ ^Sa_ 

— Ai, - JTi, — Ag, X i, 

dx dy dx dy 

Equations (18)-(20) now give: 

2a.i&i + tOiba 4- 2aiba + ajjt + Og&i 

Xa — — - j - J Xi — 


Vt- 


Introducing 


2(6x + h) 

2ctibx 4" Ui&a 4" CLabx 
2 (dx 4" dg) 


Vi- 


2(bx + ba) 

i 

2aaba + Oi&a + Oa&i 
2(01 + 02 ) 


Oi b, 

— — 

da 


we have 


20iibi + ctrjba + agbi y^ 2&]I + baX + bi 

Xa 2<hbt 4- dabt + Oabt Va 26, + + 6i 


We also have 


20i^ + Os/l + Oi 

2aa + aaf* + <h 


(24) 


(26) 


(26) 


(27) 


dX\ Xb I (2b« + bi + M)* ’ 

( 28 ) 

L( ^ \_^ 2(gt + aa)» 

. 0 :* / (2flb + ai +id»/«j)^ 
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The quantity x may represent the amount ol legislative or mili- 
taiy service produced by class / , while y represents the amount of 
material goods supplied by class II . Equations <25) give us these 
amounts in terms of Uj , Oa , bi , 62 and therefore in terms of 
^ 0.2 j bi j and ba « 

As a last illustration of the different types of interaction of so- 
cial classes, we shall outline a theory of interaction between the in- 
dustrial and agricultural population of a country, again, of course, 
under rather oversimplified assumptions,® 

Let iV, denote the number of individuals working in industry, 
—that in agriculture. Let the total population be 

N = N,+Na. (29) 

Denote by p, , p„ , respectively, the amount of goods produced per 
capita in industry and agriculture per unit time, expressed in some 
comparable units, as for instance in Iheir dollar values. Both pi and pa 
will be functions of iV, and Na , as well as of the supply of natural re- 
sources of the countiy. They can be divided very roughly into the 
total area S of land available and the resources R of ores, minerals, 
etc. Thus 

P,^f,(N,,Na,R,S); Pa = fa(N,,Na,R,S). (SO) 

Let c, and Ca be the per capita consumptions in industry and agricul- 
ture, respectively, per unit time. Also let an exchange of goods be- 
tween the two groups of individuals take place, so that the agi’icul- 
tural individuals supply the industrial with an amount NaGa of goods, 
receiving in return a traction 9 of industrial goods. The quantities Ga 
and 6 will be connected by some kind of demand equation, so that 


Ga =/(«). , (31) 

For the rate of change of the total wealth W, and Wu of the industrial 
and agricultural population, we have, as in chapter v. 


dWi 

dt 


— NAPt — <*») ■+ HuGtt — 9NaGa, 


dJK 

dt 


— Wo(po Co) 


“ NaGa + 9NaGa> 


m 


The per capita rates Wi and w„ are 


«s— p.— ci+ — - — G,(X — a), 

Ni 

— P« — c« — God — «>. 


(SS) 
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If every individual chooses his occupation in industry or in agricul- 
ture according to whether w, or Wa is larger, then there will be a shift 
of population to industrial occupations iiwy> Wn, and to agricultural 
if Wt<iVa. In equilibrium we have 


Wi~w^. (34) 

Because of expressions (29) , (30) and (32) , equation (34) gives a 
relation between ,N ,R , S and 6 . Or, introducing 



(36) 


we may say that equation (34) furnishes a relation between N , t] , 
R , S and 6 . For fixed values of 6 , N , R and S this relation gives us 
the value of or, what is the same, the values of i'/, and Na . But, 
because of equations (33) , this fixes the values of 'Wt and Wa as func- 
tions of 0 . If every individual tries to make his lUi = Wn a maximum, 
then == 0 gives us an equation for the determination of 0 . Once 
0 is determined as a function of ^ , 1? and S , we can express jj as a 
function of 2^ , jB and 5 . Thus 


n^tl{N,R,S). ( 86 ) 

Because of expression (35), equations (30) may be written thus: 

p>=K(]Sr,r] ,R,S); Pa=F„{N ,R ,S). (37) 

The total per capita rate of production of any goods is equal to 

+ Njp, 


p.o. 


N 


■VP* + (1 “’7)3^8, 


(3S) 


and, because of equations (37), may be expressed through N , v /Fj, 
S . Data for N , ij and i5? are readily available. The determination of 
R presents greater difficulties. In some cases we may assume very 
approximately R cc S . 

The foregoing constitutes quite a piogram for further mathe- 
matical research. To illustrate, however, what kind of relation may 
be tiius obtained, let us consider the following crude example as an 
illustration. Equations (87) give irs 

V=^viN,R,8,Pt). (89) 

It is readily seen that in general v increases with pi . Whatevear the 
exact relation (39) between v ^hd , as a first apiMfoximation we 
may consider 




( 40 ) 
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At the same time, for a given i? , p, will be the greater, the larger the 
natural resources available per capita. These will roughly vary in- 
versely as the population density S . Yet obviously even for d tend- 
ing to zero, p, will not exceed a finite value, since it is limited by the 
ability of an individual to produce goods even with an infinite supply 
of raw material. We therefore put 


P. 


B + d' 


(41) 


B being a constant. 

If, as IS usually the case, pa « p. , then, approximately, we have 
from equations (38) ; 

p.c. = . (42) 


This, combined with expression (41), gives, with A as a coefficient: 


p.c.— 


B + b 


(43) 


We may expect that p.c. will vary approximately as the per capita in- 
come in the country. To v-ffiat extmit even the crude equation (43) is 
satisfied in some cases is shown in Figure 1, data for which have been 



Valves of ;i, <•. foi different countries 1 — United States } 3 — Canada; 8— 
Switaeiland; 4— Norway; 5 — Geimaiw; 6 — Finland; 7’ — ^Rvasia; 8 — Japan. (Re- 
produced from Phyrhuviotrika, 1942, Voltmne 7, with the pemussion of the editors.) 

compiled from different sources. That figure is by no means intended 
as corroborating equation (43), but rather to show how relationa ob- 
tained by theoretical considerations may be compared with available 
data. 

Countries having larger colonies are intentionally extladed ftcm 
Figure 1* While data on n are available for most principal countries, 
none are available for colonies. There are also other complicating sit^ 
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nations that enter into the case when we treat a pioblem of a country 
with a multiple-bounded contour. All this should stimulate the theo- 
retical study of the general problem as outlined above. The exact ex- 
pression of p, in terms ot r} ,6 and S , obtained from equations (40) 
and (41), will undoubtedly be much more complicated than equation 
(43), and it is that complicated equation which should be compared 
with actual data. 
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CHAPTER Vll 

ANOTHER TYPE OF SOCIAL INTERACTION AND ITS 
POSSIBLE APPLICATIONS 

Let us consider a case of interaction of two active groups of 
such a natuie that each group opposes the behavior of the other the 
more strongly, the greater the success of that other group. This suc- 
cess may naturally be measured by the product of two factors: the ra- 
tio of the number of passive individuals who eidiibit a given behavior 
to the total number of passives, and the average intensity of that be- 
havior. Let the average intensity of behavior A be denoted by . 
Then the total success of class A will be expressed by citou x/W where 
ttt is a coefficient ; or putting 


= ( 1 ) 

that success will be measured by ex/W. Similarly, if wb denotes tide 
average intensity of behavior B , thoa the success is given by OsWey/N' 
or, putting 

OaiOjff == e' , (2) 

by 

How to measure the quantiti^ Wa and Wb is another question. 
We shall just consider the whole problem vn, abatraeto and then give 
some possible concrete illustrations. 

According to the above assumptions, using the same procedure as 
before, we put 


ao==aa*^l + > 

/ ® \ 

The first expression (3) shows that the effort of class A imapease^ aft 
the success of class B increases. The second expression shovns A ooijshw 
sponding relation for class B , 

We now have, using a reasoning ^ilar to pt 
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dx / y \ ^ \ ^ 

— = aoMl + fi' — j®o + «-c — Cu'^H e — jyo — ay, (4) 

or, because of 

after rearrangements 


x + v = N' , 


(5) 


dx 

, ®0 

. Vo \ , 

! . . ^0 \ 

— 1 

[ 2 a — tto 8 

Co** — ) a; -1 

(a„*fc — — n ) 

dt ' 

1 N' 

N' } 

\ N' I 


Oo* Xo* 

Co 3/0*1 • 



( 6 ) 


As t increases, the value of x tends asymptotically to 

tto’e'JSo — O.N' + ao*XB — Cn*yo 
X — , 

ttoV — + fioc— 7 — 2a 
N N 


(7) 


and is positive under the same assumptions as made in chapter iii. A 
similar expression is obtained for y and therefore 

X au*s’Xo — aN' + ao*Xo — e„*yn , , 

- = ( 8 ) 

y 00*8^0 — dN' + Co*yB — ao*£Co 


Equation ^(8) may be written 


(ao*e' + Oo*) 


Xo 


/ aN'\ 

(g,* + ) 

\ Vo / 


V / , 
( Co 


, , , aN'\ . a!o 

s + Co* J— tto — 

Vo ' Vo 


which is of the form 



£o 

Vo 


-B 


V 


C "* Q/g* 


Xo 

Vo 


(9) 


( 10 ) 


Here A-^> 0 and B> 0. Since, with the above mentioned assumption, 
a and y ai:6 bolh’ non-negative, tiierefore (7 > 0 . Whfen Xo/Vo^ == C/<h\ 
then x/v aj," j in other wof ds, ahd all of ilm passive 

population exhibit btdmviorvA with an average inieof^iy If 3/0 
is fixed, ttii^^Wquireineiht gives 
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( 11 ) 


But Co is a linear function of e = UiWa . Hence, the stronger the aver- 
age intensity of activity A , the greater sco must be for a given Vo , ih 
order to impress that activity on the whole passive population. If for a 
given a^o , is too great, then the denominator of equation (10) will 
be positive and x/y will be finite ; hence x < N' . If all the cooflScients 
in our equations were known, then from a given maximum intensity 
Wa of behavior A which still can be imposed on all the passive indi- 
viduals we could calculate Xo for a known . 

We shall denote by Wa^ the maximum value of Wa which still can 

be impressed on the whole passive population. Correspondingly we 
shall put Bm — For a given and Vo, e,„ is determined as the 

root of equation (11). 

Let us now consider a simplified case, in which Wb = 0 and there- 
fore s' = 0 . This means that group B merely resists the behavior A , 
but does not tend to impose any qualitatively different behavior B . In 
that case 


X 

V 


®o / * 
Ofl* ( C«* + 

Vo \ 


aN‘ \ 
Vo f 


(Ve + c»*) 


aN' 

a-o 

3/(1 


Xq * 
Vo 


( 12 ) 


In order to have x = N' or x/y = co, we must have 

= Co*(l + e»). (13) 

Vo Vo 


Suppose now that the same group of Xo active individuals tries to im- 
pose another behavior of intensity wa, on the passive population. This 

time let behavior A, be opposed by a different group of = Xyo 
other active individuals, the coefficients of infl.uence remaining the 
same. Then, denoting by ai and y* the number of passive individuals 
that correspondingly exhibit and do not exhibit behavior Ai , we have 
an expression similar to equation (12), in which bx is put instead of 
e and Xyo instead of y*. Introducing equation (13) into that expres- 
sion we find after elementary calculations; 

Vt ^ ACq* (1 + gt) ' <?e* (1 — em} 

AV(1 + «i) — ( ACo* -i j 


whidh is of the form 
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Vi — 

*1 + Vi C' 


( 15 ) 


Let US discuss a case considered in chapter m, namely, that of 
two active classes I and II , and a passive class III . Again let class I 
represent the “controlling” or “governing class” and let *0 refer to 
it. Class II again is the one which organizes the production of goods. 
We discussed in chapter vi some cases of interaction of two such 
classes, where class I requires a certain amount of goods produced by 
classes II and III to be surrendered to it. Here we shall consider the 
situation from a somewhat diiferent point of view. Class I may re- 
quire that every individual of class II and III give a certain fraction 
of everything he produces to class I . Class II will oppose it, the op- 
position being the stronger, the greater the fraction required. Thus 
that fraction may be used as a measure of Wa . Class I will impose as 
high a as can be impressed on the whole population, and that 

fraction will be the larger, the larger Xo . In practice we may take 
as an illustration for Wa „ the ratios of the governmental tax receipts 

to the total national income. 

If we consider the case of very small a , so that the latter can be 
neglected, then equations (9), (IS) and (14) become simplified. In 
particular, because of expression (1), equation (IS) now becomes of 
the form 


+ 2” Wa 

1^0 




while equation (15) becomes 


A'"—B'‘'wa 

Vi 


*1 + Vi C'" 


(16) 


(17) 


Ascribiug to the above meaning, we may try to check equation 
(16), if we have some other m«ins of determining The fol- 

lowing gives a very rough possible estimate of that ratio. Most of the 
active population of a country is concentrated in cities. The stronger 
the ‘^governing” class I , the more centralised the government and 
the larger the relative size of the capital city. Denoting by Nc the 
population of the capital, and by.Nu the totid^uibap population, we 
may consider appj*uximatdy 
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Assuming that tor different countries the coefficients A" and B" are 
the same, which is of course only an eictremely rough approximation, 
we shall expect 

— ^“A''+5''wa„. (19) 

Nu — Nc 

Data o£ ate scarce and inaccurate®. Using what is available, the 
result of comparison of equation (19) with observation is shown in 
Figure (1), with data valid about 1930. 



(Reproduced from PaychometnKa, 1942, Volume 7, with the permission of the 
editois ) 

It must also be kept in mind that the whole discussion is based 
upon considerations of steady equilibrium states. A sudden increase of 
iOi ^ will not result in an immediate variation of Ne/ {Nu. — Ne) accord- 
ing to equation (19) . There will be considerable time la^ governed by 
the general differential equation (4), in which Wa and hence e are 
made explicit functions of time. 

Equation (17) may be used for estimating the success of impos- 
ing other behaviors by «<, in terms of . The governing class re- 
quires certain standards of behavior in different lines of life, the re- 
quirements being put into effect witii different amounts of effort for 
different types of behavior, Derviation from the required behavior 
constitutes crimes of various degrees. Thus equation (17) miiy be 
used to study comparative criminally in different populationst for 
Vi/iiHi + lAi) denotes the ratio of individuals vvho do wt obey tlhe dic- 
tates of class I . The quantity y, here denotes the total numbef^ ^ 
criminals, while damtes the number of criminals belongidiBf l|o tim 
aictive class. It will be agreed that a large number of drimsa ai^m^ade 
by pmtsive individualB as a result pf imitation, etc. 
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Most criminal statistics are not veiy accurate, and are hardly 
comparable for different countries due to different legal standards.** 
Incidents of such obviously criminal acts as murders would be per- 
haps the most comparable. An important factor, however, has to be 
added in that case to equation (17). Other conditions, including 
Xo/y^T. , being the same, there will be a difference in the incidence of 
crime depending on the ease with which a crime is, or can be, hidden. 
Denote the probability of a successful concealment of a crime by / . 
The latter depends on the density of population 6 . This function / (^) 
of is a rather complicated one. Obviously f{6) must be zero for 
^ = 0 as no crimes are committed in an unpopulated country. Yet 
beginning with rather small values ot 6 ,f{,b) must, within a certain 
range of 5’s, decrease with 6 , approximately as IJd ; for the greater 
the density of population, the larger number of individuals a crime 
affects, and the sooner it becomes known. A murder of an individual 
living alone in a secluded spot may remain undiscovered for weeks. 
As d increases further, however, this also increases the ease with which 
the criminal can hide himself after the deed. Thus /(<5) must start at 
zero, reach a maximum, decrease approximately as 1/d , and then 
increase again. This latter increase is likely a factor of increased 
crime incidence in large cities, although a concentration of the active 
elements in cities, as mentioned above, undoubtedly plays an impor- 
tant part too. The density of population in large cities is of the or- 
der of 10* individuals per square kilometer or higher. The highest 
population densities in countries as a whole are about 800-400 ind. 
per square kilometer. Thus it is plausible to assume that the increase 
of f{d) begins only above values of 8 of the order of 10’ individuals 
per square kilometer. The incidence of crime CB will be proportional 
to t/i/fiCi + i/i) and to 1/d . Using for y-i/{xx + j/i) expression (17), 
we find 


CR = — , (20) 

0 

where D is a constant. The comparison of ibis expression with ob- 
servation is shown in Figure (2). 

We may consider a still different type of behavior, which is not 
forbidden by class I , but is not too mu(^ encouraged, hs, an example 
we may cite divorce. If + ®!i) is very small, in other words if 
y% « iKi , we may substitute for Vi/ (asi -f if,) , simply yi/ffs. • Fdr that 
ratio we have an «^pi;resBiQn of the same form aa (10), namely ' 
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^ 4 ) 


Xi 


a?o 


( 21 ) 


where ijm is the number of active individuals advocating divorce. As 
before, we have ym — lyo . When Vi/Xi is small, then we may expand 
the right side of equation (21) and stop at the linear term. Thus we 
obtain 



Figdrd2 

(Reproduced from PaychoTtteirika, 1942, Volume 7, -with the pertmssion of 
the editors.) 


Dlt = ~=A~~B’. (22) 

Xi Xa 


Combining equation (22) with (18) we find a relation between pi/Xi 
and (1V« — No)/Nc, which is illustrated in Figure (3)*. 

It must be emphasized that the above illustrations do not mean 
any ’‘confirmation'* of a particular theory. They merely serve to illus- 
strate how, starting from purely theoretical abstract concepts, we may 
gradually arrive at relations that can bo tested by observation. To 

■•‘In ttie illustration in Figure 3 to equation (19), lor the United States 
was taken as the ratio of the total federal tax receipts to the national income. 
Accordingly, the population of Washington, U.C. was taken for Constdaring 
that due to the decentralized system of the U. S. Govenunent snob regulaidonB 
concern divorce are mote of a state nature, in computing data in Figure 8 h®' 
means of equations (^) and (IS) Ifg is token as representing the soaa of phiKi> 
lationa of all state capitals. 
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Figtjbb S 

(Reproduced from Payehometnlca, 1942, Volume 7, with the permission of 
the editors ) 

speak of actual verifications of any such theory would require much 
more elaboration of the theory, which must take into account many 
more complex factors. The above illustrations show, however, how 
certain relations may be suggested even by an inadequate theory, 
which thus helps us to notice such relations, for we usually notice only 
what we look for, and we look for things which we expect. 


REFERENCES 

1. N. Eashevshy, "Puither Studies on the Mathematical Theoiy of Interaction of 
Individuals an a Social Group.” FsychomeinTta,, 7, 226-282, 1942. 

2, StatisticfU Abstracts of the United States, 1939; Statiatxaches Jafwbueh far 
das Deutsche Reich, Part II, Internationale Vbersxcht, Berlin: Paul Schmidt, 
1987; W. Wtqitinsky, Dte Well in Zahlen, Berlin: Rudolf Mosse, 1925; Carl 
Snyder, Capitalism the Creator, New York: The Macmillan Co., 1949. 



CHAPTER VIII 


PERIODIC FLUCTUATIONS IN THE BEHAVIOR OF A 
SOCIAL GROUP 

Let us consider here the case in which the increase of the effort 
is determined not by the instantaneous value of the attained success, 
but by tile integral success over all of the past time. In other words, 
the effort of the active individual is affected by the total success in 
the past. 

The more remote the success in the past, the less we would ex- 
pect it to affect the effort of the individual. Using the same nota- 
tions and denoting by /i(f — r) and — t) two functions of the 
present time t and a past time t, of such a nature that /i (t — t) and 
/s (i — r) decrease with increasing t — t , we may express now the 
coelRcients of influence Oo and c# m the form: 

a,(i)=VCl — e r xir) — dr'ii 

( 1 ) 

Co (i) = Co* Cl - c' r‘ 2/ (r) Ait-r) dr] . 

Instead of equation (2) of chapter iii, we now have 
dx r * 

=a8*Cl — « 1 x{t) A {t— t) dT}xn + ax —Co* 11 — 
dt 

( 2 ) 

s' J y{r} Mt—r) <ir3 Vo — ay , 

or, because of 

x^y-N‘, m 

dx r* 

— =!a#*Cl — sj xir) flit — T)dT3«o + 2o» — 
dft 

— j 

g' J [N* — *(r)3 fait—r) dr) ya — a,N‘<, 

78 


( 4 ) 
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As an illustration, we shall solve equation (4) foi' a particularly sim- 
ple case, namely 


/i (t - t) =/*(<- a) 

where a is a constant. 

Equation (4) may be written: 

C?£C 

— = tto* Xa — «o* Xo e e-”* I X (t) 6“’^ dr — Oo* Vo + 
at 


Ct>* Va e‘ 


' r [N' — x (t) ] e'"’ dr + 2aa; — aN' . 

•/-oo 


(5) 


( 6 ) 


Multiplying first by e"', then differentiating with, respect to t, remem- 
bering that 


d r* 

— I x(t) dr = x(t) 
dt "-eo 

then shortening everything by and reari'anging, we find 


cPa; 

dP 


H- (a — 2a) 


dx 


+ <ao* »o a + Co' ^0 e' — 


2aa) X — 


(aV *0 aCo’ j/o + Co* i/o e' h/' — aftlV'') = 0 . 


(7) 


Let 


ffio* aJo s + Co* t/o fi' — 2oa = A , 

ttOo 3/0 ”* aCo ^0 "h Co i/o c hr ' CtUhT “ — B . 


( 8 ) 


If 


0< (a — 2a)»<4A, 


(9) 


then equation (7) represents a damped oscillation around a value 
as — of the form: 


+ <h. sin {yt + d) , (10) 

Where 

r = V (« -—2®) * — 4A, , (11) 

while Cl and 3 are determined by ttie initial conditions. The value iS 
of X , ap^ound which it oscillates and to which it tends as the amplitude 
decreases, is equal to 

B nuo* sca — aCo* Vo + c*o* mN* 


On* Co + Co* s' — Sou 


( 13 ) 
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If inequalities (9) are not satisfied, the value (12) is approached 
aperiodically. 

Thus for constant values of Xi, and Vu , the values of and y , and 
hence of x/y , will fluctuate periodically. While for some values of the 
constants x may always remain less than y , for some other values x 
may periodically exceed y and again drop below it. Thus the type of 
behavior characteristic of the “majority” of the passive population 
will periodically fluctuate. 

When a tends to infinity, then e is large only for values of 
T in the neighborhood of f . But the value of 

r ar(T) c i/t 

^ CO 

tends to zero. The case reduces to tliat of equation (6) of chapter iii. 
Indeed, making a — oo, we obtain from (12) ; 


aN' + Co* Vn — Co* Xo 


The numerator of equation (13) is identical with the expression in 
parentheses in equation (5) of chapter iii. When this expression is 
positive, equation (6) of chapter iii has an equilibrium configuration 
given by equation (13). If it is negative, then equation (13) means 
physically that x = Q ,y — N’, and we have again the case discussed 
on page 28, 

When a = 2ei , the oscillations are undamped. For a < 2« we 
have a negative damping, the amplitude increasing indefinitely. Since 
both X and y are finite and cannot exceed N‘, the physical interpreta- 
tion of this case would be, for instance, that x increases in an oscilla- 
tory way until it becomes equal to N'. If r reaches N' just at the mo- 
ment of the maximum, when dx/dt — 0 , then it will go down to zero 
and reach zero when dx/dt < 0 . In other words, y will reach N* when 
dy/dt > 0 . Due to the symmetry of a* and y , we may therefore con- 
fine ourselves to the consideration of the case where x attains the value 
N' when dx/d^ > 0 . Let that happen at f = . From then on x must 

remain constant, at least for a while, since it cannot increase and it 
cannot begin to decrease immediately because at that time the right 
side of equation (6) is positive. As r remains constant and e<taal to 
N‘, the second term of the right aide of equation ($) will increase^ 
tending for large values of i to N' a* ««, e/a , while the fourth tarm 
tends to zero. 
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If a is sufficiently small, then after a sufficient time has passed 
after , so that the second term is near enough to N' Oo* Xo e/a and 
the fourth to zero, we shall necessarily have 

N' ftn* Xn e 

Oo* Xo — Co* Vo + < 0. (14) 

a 


Hence the right side of equation (6) will become negative and x will 
begin to decrease. If 



(15) 


then X will awing into the other extreme of x — 0, y = N' . The 
same argument applies to that situation, except that the roles of the 
second and fourth terms are interchanged. If a is so small that 

go* Xo — On* Vo — aN' + - ^ > 0 , (16) 

a 


then after remaining for a while equal to zero, x will increase again 
to the value N', provided x is in the neighborhood of N'/Z . Thus if a 
is so small that both inequalities (14) and (16) hold, the behavior 
of the passive individuals will be swinging between behavior A and 
B , back and forth. Except during the transition periods, all individ- 
uals will exhibit behavior A for a while, then all swing for a while 
to a behavior B , and so forth. 

If relations (14) and (16) are satisfied but (16) is not, then 
after the value a? = 0 has been reached it will persist. All individauls 
will mchibit behavior B. On the other hand, if relation (16) is satisfied 
but (14) is not, x will remain equal to N' once it reaches this value. 
All passive individuals will exhibit behavior A . 

If as is much larger than M72 , then x , decreasing from x =: AT', 
may not reach x = 0 before it begins to increase again. The swinging 
will go on between x — N' and some finite value x — Xt. Mutatis mvr 
tamdia, this holds for the reverse case when x is much smaller than 
N/2 and when x !=: 0 is reached first. 

Oscillations of group behavior from one extreme to another are 
sometimes actually observed. It must be emphasized, however, that 
the assumption (5) is rather artificial and that until more ccmiplex 
eases have been investigated, no piactical applications can be made. 
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CHAPTER IX 


SUGGESTIONS FOR A MATHEMATICAL THEORY OF 
INDIVIDUAL FREEDOM 

In. chaptei* vi a possible correlation between Hie activities of a 
typically organizing class and a general tolerance to behavior of 
others "was suggested. It was pointed out that the imposition of the 
activity of the organizing class upon the passive population is based 
primarily on "free mutual agreement” (page 53). This raises the 
question of the general conception of freedom, which is frequently 
discussed in sociological literature. 

Quantitative definitions of freedom have been attempted before. 
P, SoroMtt^ defines it as the ratio of the sum total of the means to 
satisfy our desires to the sum total of the desires. He does not, how- 
ever, make any quantitative appheations of this definition. It seems 
to be more advantageous to use a less general definition of freedom, 
defining it differently in its different aspects. In this chapter we shall 
consider two such aspects, without implying that these are the only 
two possible ones.® 


I 

Ws may first consider "freedom” from the point of view which 
perhaps is best termed "economic.” Suppose an individual can per- 
form physically a maximum amount tOo of work per umt time. In 
general, he will perform on the average a lesser amount of work w 
per unit time, w being determined by his requirements for the neces- 
sities of daily life. We may then define the "economic” freedom F. 
of an individual by the expression 


Wo 

The less work a person has to perform to keep himself alive, the freer 
he da. According to our definition, his fr^om is zero when the 
ameunt of work which he has to perform is the maximum physically 
possible. 

The necessary work w is in general determined by the social 
stjucture of the group of which the individual is a part, and tibiere- 

77 
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Tore his freedom is also determined by that social structure. 

Let us, tor instance, consider the situation discussed in chapter 
V in which one class (JT) organizes and directs the work of another 
class (II). The condition for the possibility of existence of class II 
is, using the same notations as in chapter v and denoting by Si the 
amount of goods accumulated per unit time per individual of class 
II, (equation 11, chapter v) ; 

Si = Fi + ew^o . ( 2 ) 

If this inequality does not hold, then, according to equation (11) of 
chapter v, dWi/dt will be negative and class 11 could not exist per- 
manently. From equation (2) we have 


w= 



(3) 


Introducing equation (3) into (1) we find: 


Fe = l 



(4) 


For a given “price” 0 , the economic freedom of an individual of 
class II decreases with increasing amount of goods, Si , which he ac- 
cumulates per unit time, and decreases also with the amount , which 
measures the ability of the individual of class II to produce goods 
without tho organizing direction of the individuals of class I . The 
less an individual of class II is capable of producing himself, without 
the organizing direction of others, the less free he is. 

If we suppose that the individuals of class I fix the value 6 so 
as to make their gain a maximum, then 6 is not arbitrary but is given 
by equation (16) of chapter v, namely: 



(5) 


where & is a constant, and /(»?) a function of the ratio of population 
of the two classes, specified more exactly in chapter v. Furthermore, 
in. this case Sa is nothing else than the expression in bracltets in equar 
tion (18), Chapter v; hence 


(Sa = e* + V^WofRT- 

Introduclng expressions (6) and (6) into (d)* we finolt 

T 


( 6 ) 










( 7 ) 
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Equation (7) at first sight seems to contradict equation (1), tor 
according to the latter, F, increases with , tending to 1 for Wo — «>• 
This paradox is resolved by the remark that equation (7) is obtained 
from the more general equation (1) by making specific assumptions 
about w . Equation (7) is derived by using equation (14) of chapter 
V. But according to that equation, w is itself a function of Wo • 

We may now study, for instance, the dependence of Fr on vari- 
ous parameters, such as the total population, etc. The quantity f (ij) 
measures essentially tho amount of goods produced for constant 
amount of labor expended. But this amount of goods will depend on 
other things, too ; for instance, on the amount of raw material pres- 
ent per person, which will be inversely proportional to JV — Ni 4- 
Ni . Thus /(ij) oo i/N . Similarly, the constant 6 will depend in some 
way on so that h — h{N). Ilic study of the personal economic 
freedom in terms of population density can thus be made. However, 
it will first involve the study of the dependence of /(»;) and of h on 
that density. 

If, Instead of the above situation, we consider the other situation 
discussed in chapter v, we would obtain a different expression for Ft • 
In all of the three situations discussed in chapter v, we could also ex- 
press the economic freedom Fe, of individuals of class 7, as well as 

the freedom of the individuals of class 77 , for in all these cases 

we can express the amount of work Wi and given by individuals of 
classes 7 and 77 , respectively, in terras of the corresponding and 
Wm , Thus we have a way of expressing the individual ‘'economic” 
freedom for the different social situations assumed. 

11 

We shall now consider a different aspect of individual freedom, 
not involving economic relations directly. 

Let any person in a social group have the possibility of perform- 
ing either one or several of the n different activities Ai, A^, An, 
Furthermore, let a given individual like some w activities out of those 
» and dislike the other n—m. There are altogether 

M^T,— ( 8 ) 

«. 0 w! (n—ni ) ! 

ways in which different pleasant activities may be chosen by the in- 

nl 

dividual for thcare are — ways of choosing m activitaes 

m\ (n — wir) ! 

'<Vom n , and m itself may vaiy from 0 to w . If the “liking” of dif- 
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J‘»T’ent choices is distiibuled at random, then altogether the fraction 
1/M of all the individuals will like a particular choice of m activities 
and dislike all others. 

Consider, in a population of N individuals, one who has that par- 
Limlar choice of activities. That individual comes into social contact 
with a certain number of his fellow individuals per unit time. The 
frequency with which he comes into such a social contact is propor- 
tional to the total number N of individuals per unit area, and may 
be expressed as 

aN , (9) 

where a is a constant, depending on different external conditions such 
as ways of communication, etc. Let t denote the average fraction of 
a unit time, let us say, of a day, which an individual spends in con- 
tact with others. Then the fraction of time which a person spends 
in contact with others is 

t, = C0rN, (10) 

while the fraction of time which he has entirely to himself, and which 
may be called “free," is given by 

i, = l--arN. (11) 

During the fraction of time tf the individual may indulge en- 

tirely in the activity of his own choice, since such an activity does not 
interfere with that of anyone else. 

On the other hand, during the fraction of time tc he can indulge 
unrestrictedly in the activiiy of his own choice only when he meets 
individuals who enjoy the same activities. For, while he is in contact 
with other individuals who have different tastes, some of his m ac- 
tivities may interfere with theirs and he must therefore restrict him- 
self in that respect. But, as we have seen, altogether 1/M individuals 
choose the same activities. If we again assume a random distribution 
of the preferences amongst the individuals with whom the given in- 
dividual comes into contact, we find that from the fraction tr of Ihe 
time he spends with them, a fraction te/M may be spent in indulging 
in the activities of his own choice. We may now define as the freedom 
F of the individual that fraction of his total time during which he is 
free to do what he wants to do. We then find 

F = + ( 12 ) 

M M 

The freedom, of an individual thus decreases wi^ inefea^g Zf • 

We may* considesr a more qomplmc casSfr ifi^dndmg intenh'edi-' 
ate situations.' Suppose a given ifidivicttmlj 
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lar activities Ai , , Am-\, Am , is in contact with another indi- 

vidual, who chooses another set of m activities, A\ , A' 2 , ■ • • A'„, . Let 
m" of those activities be common to both. We may then say that the 
fiist individual has to restrict himself to the amount m/'/m, being 
free to the amount (m — m") /m . In that case, in order to obtain the 
expression for F, we should add to expression (12) another term of 
a rather complex structure, obtained by summation of all values 
(w" — m)/m taken over all possible combinations of choices which 
have common elements with a given one. In this way F also becomes a 
function of the particular choice of activities which an individual 
makes, and therefore F will vary from individual to individual. 

Still more complex situations may be studied if we consider some 
distribution function for the preferred choices, so that certain prefer- 
ences occur more frequently than others. This leads to rather inter- 
estingf mathematical problems. Further studies will open many in- 
teresting possibilities. 

The illuati'ations above show that even such a “purely sociologi- 
cal” concept as that of individual freedom may be made the subject 
of Ml exact mathematical treatment. 
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CHAPTER X 


SPATIAL DISTRIBUTION OF INDIVIDUALS IN A SOCIETY 

We have considered in previous chapters various types of social 
interaction in which a population of individuals has been divided into 
two or more classes. However, hitherto, we have not paid any atten- 
tion to the spatial distribution of the individuals belonging to diifer- 
ent classes. In this chapter we shall illustrate by a few simple ex- 
amples how possible effects of different spatial distribution could be 
studied mathematically. Again we select intentionally oversimplified 
examples, which in their simple form may not always have a counter- 
part in reality. We are here concerned not so much with deriving 
equations for actual cases as witiv illustrating the methodological 
principles. 

We shall discuss here a case which may in its eventual develop- 
ment throw some light on the relation between rural and urban popu- 
lations. 

Suppose that out of N individuals a number N, draw their means 
of existence from cultivation of land. Let them be distributed on the 
average uniformly tlirough an area suitable for producing the needed 
amount of land products. On the other hand, let the remaining 
individuals gather together in cities and produce goods that do not 
require directly any land for their production. We have 

N = + (1) 

Liet the amount of goods produced by a person on the land be Pr per 
unit time, while the corresponding amount produced by a person in 
the city be JJ« . In general pr and are not constant, but both may 
be functions of Nr and N,, , thus 

Pu = fu (N „ . Nr) ; P.=fr (N, , Nr ) , (2) 

Thus, for instance, for a land very scarcely populated and not used 
to the full extent, p, may be approximately constant and determined 
by a constant fertility of the soil and by the average constant capacity 
of a man to produce work. Howev®:, as Nt- increases, the total amount 
NrPr of goods produccd must necessarily tend to a conktant value, de- 
termined by the manmum, pmsible fertility eff the soil. Hen|cepr must 

m 
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deci’ease with increasing N, . The law of decrease will of course be 
rather complex and depend on many factors. As an illustration, we 
may consider just a simple form 




tti 

Nt-t a/ 


(3) 


where and a., are constants. In general, however, the value of pr 
may depend also on Nu . 

Now we may consider different cases of behavior of the indi- 
viduals. A simple case is when every individual tries to produce as 
much of any goods as he can. If for a given Nr and Nu = N — N, , 
Pit ^ p, , then individuals from the country will migrate to the city 
until, due to the change of and N, produced by this migration, Pu 
becomes equal to p, . If p„ < p, , a migration from the city to the 
country will take place. Since, because of equation {l),Nr = N — Nu, 
Pu and Pr in expi’essions (2) are functions of N and Nu . Hence the 
requirement 

P» — Pr (4) 

gives us an equation for the determination of N# for a given total N . 

To illustrate, let us assume that in the city Po = Const., while p, 
is given by (3) . Since the maximum value of p, is equal to On/Oa , and 
Pr decreases monotonically with increasing Nr , in order for equation 
(4) to be possible at all, we must have 



— >P», 

(5) 


a. 

or 

o,— -<0. 

(€) 


Pu 

Put 

Oj ~~G-. 

(7) 


P« 

Equations (4) and (3) gives 



■— Clg, 

($) 


P« 


or because of <X) : 

P« 

JVom equations (9) and (7) we have: 
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N N‘ 


( 10 ) 


Thus, the ratio of urban population to the total population increases 
■with increasing total population N , tending to 1 for N = ea. 

We may consider a different mode of behavior of the individuals. 
For instance, as a purely theoretical example, we may consider the 
case where every individual tries to increase the total amount 


G==NuP« + N',‘Pr 


( 11 ) 


of goods produced, and according to this aim chooses either the urban 
or the rural occupation. In this case we have to look for such a value 
of which makes G a maximum. This is given by the equation 


dG 

dN^ 


0 , 


( 12 ) 


into which we substitute for and p, the expressions (2), after ex- 
pressing N, in terms of N and N„ by means of equation (1) . 

Again using for p, the expression (3) and putting Pu == Const., 
equation (12) becomes: 


d 

dN^ 



N — Nu + ckl 


which gives, after elementary calculations. 


(18) 


Nu — — 



(14) 


From equation (14) we have 



Because of inequality (6) the expression in parentheses is negative. 
F(»r 

(16) 

V Pu 

the ratio Mv'N is positive and increases with N , beoctoing equal to 1 
for act. The reversal of the inequality sign ip (16) N^/N < 
0 , which is physically impossible. In ihl? case, 'N^. actu*^iy will be 
equal jto aparo, whi(di ujeans ihat all popqlftKgn in qa^^dq ttpral. 

A slightly diffcfeht iielatiori by 
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generalizing somevYhat our assumptions. Instead of putting — 
Const., we may put: 




?>■.= ■- 1>1>0, bi>0. (17) 

Nu. + bi 

Using the first criterion and therefore setting Pr~Pu, we find in a 
similar way as before 


with 


A=- 


iv' 

h— 

fli i hi' 


■A — 


B- 


flih — «-,hi 


a, t- hi 


(18) 

(19) 


While according to equation (10) NJN tends with increasing N to 
unity, according to equation (18) it tends to A < 1 . 

Figure 1 shows the comparison of equation (18) with data for 



The carve ia the graph of equation (18) with A = 722 ; B es 28-7 X !&*• 
The pointa represent observed data for the United States. (Beprodaced from 
PaycJtometrika, 1842, Volume 7, with the permission of the editors.) 

the United States (Eeference 1, page 227) , For Germany the simpleir 
equation (10) represents the facts well (Figure 2) (Eeference 
14). The latter requires that Nr =« Const, all increase in popolatitnL 
going into cities. This is the esse with Germany, since between lETJt 
and 1@88> the rural popuktton remained practically «onsticnt> flpO' 
tositing between the estferemes of X 10» and 22,702 X % 
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FIGurf 2 

The cuue is the giaph of equation (10) with = 22 X 10® The points 
repiesent observations foi Geimany (Repioduced fiom PhyLhoHieiiika, 1042, Vol- 
unit 7, with the peimission of the editors ) 

may be asked why available data for time ratio of NJN in the United 
States for a period from 1800 were not used. The reason is this; the 
constants and are by their definition functions of the total area 
of the country, and the latter gradually increased in the United States 
during the first three quarters of tile last century. A moie detailed 
theoretical study is required, to be applicable to such a case. 

Figure 3 represents data for Russia.* The actual data for Russia 



for m text. 
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may be represented by two sepaiate curves of the type given by equa- 
tion (18). The lower branch la represented by taking A = 114, 
5 = 1 68 10 ; the upper, by taking A~ 18 , J? — 6 X 10®. The point 

of discontinuity tails approximately at iV — 67 X 10' . This value of 
the total population occurred in Russia about 1860. In 1862 serf- 
dom was abolished in Russia, a refoi-m which would have as a natural 
consequence an increase of rural-urban displacement, as well as a 
thorough change ot many economic conditions. Hence the sudden 
change in the constants A and B at this point should be expected. 

Data foi Sweden* show a rather peculiar behavior (Figuie 4) , 



Figohd 4 

Data for Sweden. Explanation in text 


the ratio Nu/N apparently slightly decreasing at first, then increas- 
ing. This shows that other more complex factors, which have been 
left out of consideration here, have played a rolo in tliat country. 

We may consider a somewhat more complicated situation. Let 
each urban individual produce p«. and consume c« per unit time, and 
each rural individual produce Pr and consume Cr per unit time. Let 
the rural individual supply the urban with an amount of rural 
goods and receive for each unit of those goods B units of urban prod- 
ucts. As in chapter v, we have a demand function connecting Pr with 
9 , and we again put 

& 

( 20 ) 

& 
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and using for pr the expression (3) and again considering the case 
£« > 0 with Pn = Const, we have: 

«„= Const > 0; £r = -rr~. 

Nr + 


0>x 


+ <h 


c'; c' = c, +e„. 


( 22 ) 


We now have for the rate of change of the total accumuluated goods 
for the urban and rural population: 


= NuBu + N,g, — eN,gr , 
dt 


^^ = N,er~N,gr + 9Nrg,. 
dt 


(23) 


Because of equations (1) and (20), (23) gives 

-^^NrSr-Nr(g.-- ) (1 ~ 0 ) . 

The per capita rates and Vr are: 

N-^Nu/ b 


N — Nu/ b\^ 

j (1 _ . 

Vr~ Si ^ ^ * 


(24) 


(25) 
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CHAPTER XI 

OUTLINE OF A THEORY OF THE SIZES OF CITIES 

The considerations of the preceding cliapter lead naturally to an 
inqmry not only into the relative sizes of the total urban and total 
rural populations, but also into the actual sizes of the individual cities. 

In the first approximation we may neglect the distribution of city 
sizes and speak of the “average” size of cities as if all cities were of 
that average size. Next we shall treat the problem of the actual dis- 
tribution of city sizes. 

In treating the simple problem of the ratio of the urban to rural 
population, we considered that the amounts of goods produced per unit 
time by an individual in the city (Pa) and in the country (p,) depend 
in general on both N« and N, , the total urban and rural population. 
We must now somewhat generalize this picture and consider that both 
pu and p, depend not only on Nv. and N, , but also on the average size 
of the cities or, what amounts to the same, on the number m, of the cit- 
ies. This is closer to reality than the original assumption, for the con- 
ditions of work in a community will depend in general on the size of 
that conraiunity- 

We thus put 

Pa — /u (N« , Nr , Wl) J /r(N„ , Nr , Wl) . (1) 

By the same argument as before, we have for equilibrium 

Pa = Pr. (2) 

Equation (2) together with 

N«-l-Nr=N, (3) 

where N is the total population, determines N« and Nr as functions of 
N and w; thus 

N«-n(N,w), N,^Fr(N,m). (4) 

Substituting equations (4) into (I), we find: 

pr— Pr(N,Pl.). (0) 

If each individual tends to choose or modify Ibis surrounding ip 
such a way as to make his (or jv) as larsre aS nossible. then all in- 
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dividuals will aggregate in cities of such a size which makes Pu. and 
p, a maximum. Hence we have for the determination ol mi 


dpu 

dm 


= 0 


or 



( 6 ) 


Because of equation (2) either of the relations (6) leads to the same 
expression: 

nt = f(N). (7) 


Equations (4) and (7) determine N„, N, and m as functions of the 
total population. 

Thus the determination of w in each individual case reduces to 
the determination of the functions /« and in equations (1) . By mak- 
ing different plausible assumptions about these functions, we shall 
obtain different expressions for m. If wi = / (N) is known from 
observations, we may attempt to determine backwards the form of /« 
and /, . An important factor which will determine /„ and /, is the 
development of means of transportation. The larger the m , and there- 
fore the smaller the size of the cities, the lesser distance must be cov- 
ered in transporting to the city rural supplies which influence the 
value of Pu . Similarly, the ease of supply of the rural population with 
urban products affects the value of Pr • 

We may, for instance, put: 


— — + (a, + a^m) N , ; 

p, = hi-~ + (ba + him) JV„ ; 

where a, and are parameters. The coefficients a* and 6* may be 
taken, for instance, as proportional to the total length of railroads and 
highways per square mile. We easily find 


N N’ 


(9) 


where A and B are functions of m . The complete solution of the prob- 
lem, using expression (8) , is elementary but rather cumbersome. 

Iiftt us now consider the distribution of city sizes. We shall now 
consider a^y community as ^‘ciiy” and drop the distinction between 
nrb^in and rural population. Let be the total number of people in- 
habii^ug all cities of sisse (population) . We shall have, in general, 
fqr the amoimt of goods produced per person in such cities: 


( 10 ) 
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It may be questioned why p, should depend explicitly on iV* • In 
view of interaction of different industries, the productivity p, per per- 
son would depend on the distance between cities, those distances af- 
fecting the ease of transport of different products from city to city. 
Those distances, however, are determined by the number of the cities. 
Therefore, quite generally, we may assume relation (10) . 

For the equilibrium we have: 

Pi =P 2 = '-* = Const. = p . (11) 

Hence 

/(n. ,iVO=p. (12) 

Equation (12) gives us N, as a function of n, and p: 

N, = Hn^,p). (13) 

The quantity p is determined by the requirement 

'S.N,=-N, (14) 

or 

2/(Wi,p)=2^. (15) 

For very large numbers we may use integrals instead of sums and 
determine p from 


/■ 


f(n,p) dn—N, 


while equation (13) now reads 


(16) 


N(n) =/(n,p). 


(17) 


As an illusti'ation we may consider such an expression as 


where 

We then find: 


— — 




N{n) = 


/x(n) — p 

hin) 


(18) 

(19) 

( 20 ) 


the value of p being determined by 



P 


dn = N* 


( 21 ) 


As another illustration we may consider 
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Pt—a^ — biN, +^c, + — N,) ; 

( 22 ) 

O’. = flint); bt = hin>); c,=fiint). 

Since 2(^>/«i) is the total number of cities, this expression corie- 
sponds to expression (8), mentioned above. For the continuous case 
we have; 


p~fiin) ~Uin)Nin) + Nf (n) +N 


Ni7l) 


■Nin)fiin) 


Putting 


-N(n) r 
•^0 


N(w) 


K being the total number of cities, we find from equation (23) , 

, fiin) +NfM +NK-P 

Niii)= . (25) 

fiin) + fiin) +K 

Introducing' equation (26) into (24) we find a relation between p and 
K , thus 

K^Kip), (26) 

so that equation (25) now becomes 

_ AW +NUin) +NK ip) -p 
^ Mn)+Mn)+K(p) ■ ^ 

Tlie value of p is again determined from 


Nin) =■ 


£"n(«) dn~N, 



CHAPTER XII 

THE DISTRIBUTION OF CITY SIZES 


We shall now consider a different approach to the problem dis- 
cussed in chapter xi. Before we do that, however, we shall briefly 
discuss the possible relation of the previous theory to available data. 

G. K. Zipf^ has found an interesting relation between the sizes 
of cities and their rank according to size. If we rank all cities con- 
secutively in order of decreasing size and denote the population of a 
city of rank r by n{r), then, according to Zipf, for many countries 
wo have the relation 

n{r) =~, (1) 

r 

where C is a constant. By considering data for the United States and 
for Canada at different times, Zipf finds that relation (1) did not 
hold in the past, but has been gradually approached. He generalizes 
this by postulating that relation (1) is characteristic of a stable so- 
ciety, and is reached as a society passes from less stable to more stable 
configurations. In our opinion such a postulate seems to lack either 
empirical or theoretical evidence. It would therefore be of great in- 
terest if such a postulate could be obtained as a deduction from a 
rational theory. This would throw light on ttie mechanism underly- 
ing the simple relation (1). 

Inasmuch as the distribution functions studied by us previously 
do not involve the rank order of 13ie cities, we shall first investigate 
how Zipf’s results can be translated into our notations. 

Denoting by r (w) the rank of a city having a population n , equa- 
tion (J) may also be written 

r(n) =— . (2) 

n 

liet if in) in be the number of cities whose population lies be- 
tween M and w + being a small but finite quantity. Consider 

instead of equation (2) any arbitrary function r{») which must, how- 
ever, decrease with increasing «. For very large values of r(m), 
the number of cities (■fi) 5n will be large even for small 8n , Since 
r(it) increases discontinuously and always in steps of one, therefore 
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bhe increment — br{n) , which corresponds to the increment &n, repre- 
sents actually the number of ranks, and therefore the number of cities, 
in the interval Hence 


R{n) dn — 

~dr{n), 

(3) 

N(n) =- 

dr(n) 

dn 

(4) 


For very large r's we can take a very small 5n, and in the limit 
we shall then find 


JV(TO)= — 


dn 


(5) 


The notion of a continuous distribution function N (w) breaks down 
for very large values of n , for there are only a few very large cities 
in each country. Nevertheless, far away from the tail end of the curve, 
the function N(») may be practically determined. The rank order 
notation has the advantage of covering the whole range of sizes. 


The function ^ (n) is connected with the function N (u) of chap- 
ter xi by the relation 


N(n) = 


N(n) 

n 


( 6 ) 


Hence, if r («■) = C/n , then 



N{n) =—=r(n) . 
n 


(7) 


Denote by N the total population 

r%N(n)dn= r2V(w)d«, (8) 

•Jo ^0 

A distribution function N (n) such as the one given by equation 
(7) could be readily obtained from our previous theory by putting 
in chapter xi: 

fin,N)~AvN, (9) 

where A is a constant. That would give us, according to equation (17) 
‘of chapter xi: 

N{%) ( 10 ) 


jp being determined as before from relation (8) of that chapter. 

Equation (9) means that the per capita production of goods is 
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propoi'tioiial Lo both n and M , a relation that does not seem to bo very 
plausible. Because of relation (6) this would imply that the total 
production is proportional to («) . 

The simple theory developed before does not seem therefore to 
account for the relation found by Zipf. Inasmuch as not all countries 
follow Zipf’s relation, and inasmuch as the above mentioned theory 
may be modified and generalized, we should not yet discard it alto- 
gether. In a complex problem like this, in which many factors prob- 
ably enter, it may be admissible to discuss in abstraeto different con- 
ceivable theoretical cases without first worrying about actual data. 
A thorough classification of the theoretical possibilities may later 
prove a help in deciding which of those possibilities or their combi- 
nations can actually be applied to observations. It is in this spirit of 
an abstract theoretical study that we shall discuss an alternative ap- 
proach to the problem without prejudice to other possible approaches. 

It is natural to attempt to connect the formation of cities with 
the presence of active gi’oups in a society. A city may originate as 
an administrative center, in which case its formation will be closely 
related with the activity of an administrative active group, which we 
shall denote as group I . A city may also originate as a trade or in- 
dustrial center, in which case it will be associated with smother active 
group, an organizing one, which we previously denoted as group II . 
The stronger the administrative group I , the larger we may expect 
the principal city to be. On the other hand, a strong industrial group 
will result in the formation of large industrial cities. It is therefore 
natural to inquire whether the distribution function of city sizes may 
not be connected with the distribution function of the gradation of 
different types of activities within the population. 

Since this is a purely theoretical study, we shall not specify here 
what particular characteristics we do consider. We shall simply de^ 
note the measure of fhat characteristic by x and consider that in a 
population of N individuals the characteristic x is distributed accord- 
ing to some function N (sc) . In whatever physical or psychophysical 
units we measure the quantity x , we shall choose our units so that 
the maximum value of a: in a given group is equal to 1 . We then have: 

fNCic) d.v. (11) 

We have seen previously that such a group may break up into 
several smaller groups if each individual associates only with those 
individuals whose se’s are not too remote from his own. Equations for 
determination of the size of tiiose classes have been given previously 
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(chapters i, ii). Wo thus find that the whole population is divided 
into 71 + 1 groups, whose x’s lie between 1 — , Xi — , X2 — x, , • • 

a:„ — 0 , with xk > iCui . The total amount of a; in a group r is given 
by 

Xir) = [ xN(x)dx. (12) 

Ji, 

The corresponding “populations” are given by 

)V(r) = r""N(ar) dr. (13) 

Suppose now that these groups will be segregated spatially. They 
will thus form separate communities of different sizes. 

Let X denote the measure of any special ability, such as executive, 
business, literary, etc., and consider the case where N (r) will be de- 
creasing with increasing x . The functions N(r) and X (r) may either 
decrease or increase with r . It is clear that we cannot set n(r) pro- 
portional to N(r) if the latter increases, for the largest community 
will be composed of individuals with the smallest x . If, how’ever, 
N(r) and X(r) decrease with increasing r , we may consider the fol- 
lowing situation. The rth group of N(r) individuals may form a nu- 
cleus around which a number n'(r) of individuals of the lowest x 
gather to perform any activity, directed by the N(r) individuals, and 
thus form a community of n(r) = iV (r) -f n' (r) individuals. We 
thus assume that the class of lowest x’s, namely that lying in the 
interval (x„ , 0) , is entirely passive. This class is also the most nu- 
merous one. The simplest assumption we may mahe about n'(r) is 
that it is proportional to Z (r) . We then have 

n(r)=N(r) -i-aX(r). (14) 

If N(r) « aX (r) , then we have approximately 

7i(r)=aX(r). (15) 

Thus 71 (r) would be determined by N({i;) and we may investigate 
what form of N (x) will give a prescribed ?i(r) , as for example, ex- 
pression (1) . 

Although such a case presents some theoretical interest, it hard- 
ly can be applied to actual cases for it implies that the active group 
of each community has a different range of x% the ranges for differ- 
ent cities never overlapping. 

We may oon^der a Sprpewhat more realistie assumption which 
is free from above shbrtcomingi Let the group iV (1) form a nu- 
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cleus around which there will be grathered «'(1) =aZ(l) individ- 
uals, but let those «'(1) individuals be picked up from all Ihe 
N — A^(l) individuals that are left outside of the group iV(l) . Fur- 
thermore, let ihe contribution of individuals with a given » to aX(l) 
be in proportion to the frequency with which those individuals occur. 
We have 

j/<i)= r'N(») da;, (16) 

Jo 

The distribution function (a;) of the individuals left after the 
aX’(l) individuals have been subtracted from is equal, with the 
above assumption, to 

(17) 

In other words, each class has lost a fraction of individ- 

uals. 

Now the group whose x lies between Xi and a:# has only 

§jw s= (a:) dx (18) 

Jfi 

individuals, and their total x is equal to 

X' (2) = ra:N<« (a;) dx . (19) 

This group will gather around it aX' (2) individuals from the in- 
dividuals left outside of the group. We have 

NW = r‘N<« (*) dx . (20) 

Jo 

The distribution function of the remaining individuals is given by 

= (21) 


and 

X'(3) ~ P {x) dx . (22) 

Jz^ 

Thus we can consecutiyely calculate ad well as 

X(1).X'(2),X'(3).'-', etc., and thus find u(r) from 

n(r)s=i!yf‘^> + ciX'(r). (28) 
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This scheme may bo generalized further by considering that as 
the distribution functions (*) change step by step, so will the set 
, JCs » change, according to equations developed previously. 

The difficulty with actual calculation of sudi expressions lies in 
the circumstance that even the simplest forms of N (a:) lead to trans- 
cendental equations for , ••• , Xn , which do not admit of closed 
solutions. In order to get an idea as to how such expressions as (12) , 
(13), (14) and (23) behave, we shall make a very crude approxima- 
tion and consider all intervals — aj,n as equal to a small constant A: 

Xt — A . (24) 

For very small values of A an approximate expression for X (r) 
and N (r) is easily obtained. We may put approximately 


XM=J 

•1 <<-llA 

xN (x) dx = J.rN (x) 

1-1&. 

(25) 

N(r) = 

j N(a?) da? = JN(a;). 

(26) 


Remembering that for the rth group x is approximately equal to 
1 — , we find: 

Z(r)=^j(l-r^l)N(l — r^d), iV(r) — ^lN(l-r^l). (27) 

We shall consider here as a theoretically interesting case an ap- 
proximate distribution function 

N(a;)=.4a:-% r>0, (28) 

which is suggested by Pareto’s law. The relation (28) cannot hold 
physically for ac = 0 , Most likely N (0) = 0 , but it may also be that 
N (0) > 0 . Except for exceedingly small values of x the approxi- 
mation may be very good. The exact expression for N(a:) should 
satisfy relation (11), which also determines the constant A , 

For very small values of A we have from equations (27) 

X(f)^AAa-rAy-''; 2V(r) -A4(l-rJ)-^ (29) 

If X (r) is always to decrease with increasing r , we must have 

0<r<l. (80) 

In the following we shall always consider that the restriction (30) 

is satisfied. 

The ejeact expressions for X (r) and N (r) are obtained from equa- 
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tions (12) and (13) : 


X{r) =- {[1- (,.-i)^]2-v_ [i-r^l] 

d V 


Nir) =- {[ 1 - (r-i)^]!-- [l-rj]i-v}. 

1 V 

We shall now derive an explicit form for expression (23) based 
on (24) and (28). We have 

- r' A 

A/-m=A I x-''dx = [1- (1 — A)^--] ; (32) 

/ . 1 — *' 

«/l-A 

a:-‘'<to = — ^ (l — A )"->'; (33) 

„ 1-r 


.?'(!) =X(1) 


x^-odx — [1— (I — A)®'”]. (34) 

2 — v 


Hence 


X{1)=A j x^-''dx— ■ ^ - [1- 
I 2 — v 

c/l-A 

N‘»>(*)=(i-^^|^)n(®) 

f [l_(l_A)*-.'](l~y) 
= 1 1 — a 


^Aar'’; 


X'(2) = f ajiV<*>(a;) dx = 

•'1-3^ 

V “ a-A)»-»’(2-y) f 2 — v^^ 


Define 


1 — y 


(S6) 

A)»-v_ (1-2A)*”’]. 


o • 

2 — y 


'' ' V (I— /!)>-’ A ) 


^1 ‘~~'Ui 


[ 1 — ( r ~ l ) A 3»-^— [1 — 
(1— rA)*-*’ 


( 38 ) 
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We shall now prove that in general 

(ar) = A/(r ~ 1) »■’' ; 


( 39 ) 


X'ir) = 


2 — r 


/ (r - 1) { [1 — (r — 1) /d] [1 - rA] . (40) 


Expressions (B9) and (40) hold for r = 1 and r = 2 , as we have seen. 
We shall prove that if they hold for r , they hold for r + 1 . 

From equation (39) we have 




-r 


N<’>(x) dx- 


1 — V 

aX'ir) 


f(r-l)(l-rAy- , (41) 


\ 2 — y 


( aX'(r)\ 

iV<'+i)(a!)= 1 -^\m^{x)dx = 

\ / 

/(r — l)Aa:"’'. 


-V [1— (y-DJ]*-'’— [1 — 


(42) 


(1— r^j)"-* 

Because of expressions (38) and (39), equation (42) may be written 

hr<»+^>(»)=A/(r) a:-^ (43) 

We have further 

Z'(r + 1) = r’^ (») dx , 

•'X-(r+l)A 

which, because of equation. (43) , niay be written 
A 


Z'(r + 1) 


■ / (r) { [1 - rd] - [1 - (r + 1) . (44) 


2—v 

This proves expressions (39) and (40). 

We have 

iV(n(a;)da;=:-^/(r—l){[l— (r-l)d]>- 
1 — V 


Nir) 


f 


(45) 


Hence, introducing expressions (40) and (46) into (28), we have 
A 


«(r) 


1 — v 

oA 
2 — i> 


/ (r - 1) { [1 — (f — 1) 4] - [1 - r/1] + 


f(r^V){V.- (r-l)^]*-v- 


( 46 ) 
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The expression /(r) simplifies considerably for very small values 
of A . Putting for any k: 


kA = y 


(47) 


we have 


[1- (fc-l)^]“-*'-[l-ft^]'-'’=[l- {y-A)y-'' 

-il-yy-'’; 

For very small values of A , this is equal to 
d 

-A-- (1 — v)=*-’'= (2 — v)Ail — v)'-'' 
dy 

= (,2-v)Ail~kAy-'' . 

Hence, because of expressions (48), (37) and (49), 

[1 - (fc — 1) ^ J — [1 - 


1 — a- 

(1 — fc^)"-’' 
and, because of expression (38) : 

/(r) = [l-a(l-r)d]'. 


1 — a(l — v^A; 


(48) 


(49) 


(50) 

(61) 


Introducing this into equation (40) and transforming the expi'es- 
sion in braces of (40) according to expressions (48) and (49), we 
have; 


X'(r) —AA{l-rAy~^ [1 — a(l — r) (52) 

Since physically we must have 

0«1 — a(l — y) ^1<1, (53) 

therefore, comparing expression (52) with (29), we see that X'{r) 
decreases with r more rapidly than X{r). This ^ould be physically 
so because while X (r) refers to the group formed of all individuals 
who have an x between 1 — r-d and 1— (r-~l) A ,X'(r) refers to the 
group formed by those individuals within that interval that were left 
over after subtracting the amount which contributed to the r — 1 pre- 
ceding %'s. Hence X(r) >X'(r). 

It should be noticed that X (r) decreases with r less rapidly than 
1/r , but X' (r) decreases more rapidly than 1/r . 

By a similar procedure, using expressions (48) , (49) and (51) , 
we obtain from equation (45) for very small values of A: 

= Ad (1 - rjy^ [1 ~ 0(1 - k) d] . 


(54) 
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Introducing expressions (52) and (64) into equation (23) we find; 
»(r) — a(l — y)/J]'-H(l — r^l) >- + a(l — r^)^-”}. (65) 

The variation of n(r) with r is rather complicated. For small val- 
ues of r the term [1 — a(l — v)A']‘-'^ decreases more rapidly than 
(1 — r.d)-’' increases. Therefore for small values of r the quantity 
decreases, but less rapidly than X'(r). The quantity n(r) de- 
creases also. However, since for r=l/A, the term (1 — rzl)-” be- 
comes infinite, n{r) has a minimum for some value of r = r,„ . Since 
by definition r is the rank order of decreasing sizes, such a situation 
would be physically absurd. This difficulty may be avoided, however, 
by the following consideration. Equation (55) is based on the ap- 
proximate expressions (62) and (54) which cannot be applied for 
values of r that are close to 1/^ . It must be remembered that r varies 
from 1 to \/A only. If the parameters in equation (55) can be chosen 
so that the value r», for which n{r) has a minimum is greater than 
X/A — 1 , then the above difficulty will be avoided. We shall now 
prove that this can be done. 

Denote 

y = l-a(l — v)4; 0<y<l. (56) 

Equation (55) now becomes: 

n{r)^AAf'^ {(1 — rd)-” + o(l — r^)^-”} . (67) 

We have 

= AAy^-^ (1 — rAY^lvA (1 — r^l)-i + log y - « (1 ~ v) zl 
dr 

■f a(l — rA) logy] . 

The value r™ is defined by dn (r) /dr = 0 or 
vA-\- (1 — rd)[logy — a(l — v)^] + a(l-- rd)®log y = 0 . (59) 

Introduce the new variable 

g = l — rj; = rmd, (60) 

We then have 

alog(l/y) + 2 m[log(l/y) + «(! — v) d] — yd ~ 0 . (61) 

Equation (61) gives 


Cl/2alog(l/y)]C— tlog'(l/y) + 0 ( 1 *— y)d] 
+ Vllog(l/y) + a(l~’y)dp + 4.dvA log(Vy)} • 


( 62 ) 
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The positive sign must be taken before the square root because 

Zm> 0 . 

If we wish to have r„, < 1/A — 1 , then we must have 

z„> A. (63) 

Inequality (63) will be satisfied if y is made sufficiently small. To 
show this we make use of expressions (56) and write equation (62) 
thus: 


«^=[l/2alog(l/y)] 


— [log(l/y) +1 — 5 '] + 
4(1 — y)v 


I 4(1 — y)v 

^ [log(l/y) + 1 - y]» + log(l/y) 


(64) 


As Y becomes very small, log (l/y) becomes very large. Thus we may 
neglect 1 — y in the expression in brackets, and also neglect y as 
compared with 1 . We then have; 

2 ,„ = [l/2a log ( 1/y) ] I — log - 
I y 

^ (65) 

The quantity 1/log (1/y) being now very small, we may expand the 
expression under the square root sign, keeping only linear terms. We 
thus find 

= [l/2a Iog<l/y) 3 (66) 


By making y sufficiently small, we can always satisfy inequality (63). 

But a small y means a sufficiently large n . Hence inequality (63) 
may be satisfied by taking a sufficiently large, though not large 
enough to make y negative. 

Thus with a proper choice of a, n(r), as given by equation 
(55), will decrease monotonically with r within the range 1 S r S 
1/A — 1 . We may now investigate under what conditions, if any, 
%(r) will vary within a wide range (j/pproximately as 1/r , so as to 
satisfy relation (1). This may be done by expanding the right side 
of equation (65) into a power series and comparing the coefficients 
of the expansion with those of *tihe expansion, of 1/(3 + r> , where 
d << 1 ; for 1 / (3 + r) will for all practical purposes vary as 1/?* . 

The general theory of the breaking up of a social group into 
classes, as developed in chaptera i and ii, is based on the assumption 
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that only such individuals associate with each other for whom the 
difference (»' — is less than a certain quantity Ao . We had as 
criterion 

(x'-(cy<A\. (67) 

Wc shall now consider a different criterion which is perhaps some- 
what more realistic. We shall assume, namely, that it is not the differ- 
ence x' X but the ratio x'/x that determines whether two individ- 
uals associate with each other or not. The plausibility of such an as- 
sumption is suggested by the following considerations. 

An individual with an income of 100,000 dollars is Idcely to asso- 
ciate -with another individual whose income is 76,000 dollars, but an 
individual writh an income of 26,000 dollars is not likely to associate 
with an individual having an income of 1,000 dollars. The difference 
is llie same in both cases but the ratios are different. Similarily, an 
executive or a politician who controls directly or indirectly 10,000 
individuals, will associate with another one who controls 6,000 indi- 
viduals, but an executive having control over 6,000 individuals will 
not associate with a foreman having control over 25 individuals. 
Instead of inequality (67) we may now put 

(log x' — log x)^<A\, (68) 

and instead of using equation (9) of chapter ii, we shall determine Xt 
from the equation 

f [ [(logx' — loga;)® — do®] N(a:)N(a!') dajdo;' — 0 . (69) 

Equations of similar form will determine Xe,Xa, etc. 

We again run into the same difficulty as before, namely: the equa- 
tions determining the Xi’s are transcendental. Therefore we shall 
again use a very rough approximation, corresponding to equation (24) 
of the previous case. We shall put 

Xi = d*, 0<JS<1. (70) 

For N(«) we shall again use (28). 

We find now, with reference to expressions (12) and (13) ; 


X(r) 


IV(r} =:A 



A(l— d®-”) 

. 

2 ■— p 

A{1 — ^1-v) 

■ - jg<a-v) (f~i) ^ 

l-~>>» 


(71) 


(72) 
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Now both X(r) and N(r) decrease monotonically with r, so that 
equation (14) can be used, giving 


/I — y?!-" 1 — \ 

n(r) =A I ^(S-V)(n-1) j . 

\ 1 — r 2 — V / 


1 — 


(73) 


It is readily seen that n(r) decreases much more rapidly than 1/r . 
We now calculate X'(r), («) and^'’'\ We have 


X‘(l) ~A I aj'-cte 


I' 


A(l — 

2 — v ' 


dx= ; 

. 1-v 

/ oX'd) \ 


— A ^1 — a 


2^(i> 

(l_y)(l_^2..) 


) 


Define 


and 


(2-,-) (8’- 

S’ 

(1-v) (l-/S“-')>\A(l-/J*-') 
(2-y) 

(l-y)(l-^»-») 


X'(2) = rxm^Hx)dx 
= (l — a- — : -J— ^ -8*-'' 


b = a- 


2 — v 


(74) 


(75) 


(76) 


(77) 


(78) 


/i(y> =(l-5j5-'-0(l-W(l~6M ”• d-blS*^"). (79) 

We shall now prove that in general 
N^'^ix) =A/i(r — 3 )«-•'; 

A6 


( 80 ) 


X'ir) 


«(1 — v) 


U{r — Z) 


We have from (80) : 
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jVr(o 


-f 

«/o 


Hence 


(x)da;= /i (r — 3)/J’ 

1 — 


( 81 ) 




N<^> 

= i4/i(r — 2)a;'’’ 


(82) 


and t 
X(r + l) 


0'“ 


A(l — jS*-”) 

a;2»/<r+i) (a;) d® = /i (r — 2) ;; ^xa-v) 


2 — V 


Ab 


(83) 


a(l — v) 




Since equation (81) holds for r = 2 , it therefore holds for any r . We 
also have 

0r-l 

A(l~-/Si-»') 

(®) dX = ; A (r - 3) . (84) 

1 — V 


N(r) 


-f 

t/pr 


Introducing expressions (80) and (84) into (23) we find: 


n(r)— fx (r -- 3) (1 — p^-'’ + hp^'^) . (85) 

1 — V 


The quantity n{r) decreases monotonically with r, but more rapidly 
tiian 1/r . 

We may consider a more general assumption, namely that p var- 
ies from class to class. Denoting by pi, p^ ,•••, pi a sequence of num- 
bers such that 


we may put 
In that case 


0 < j8. < 1 , 

Xi =piPt p, . 


( 86 ) 

(87) 


£ ,Pl, "Sm 

^(1-/3,^”) 
x'-^dx~— ~ 


(^‘••/?,)*-^ (88) 


Tlhe quantity X<r) decreases with r and by a proper choice of the se- 
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quence j3,/Ss ••• ;8» it may be made to decrease as 1/r . Equation (15) 
would then lead to equation (1). A similar assumption may be studied 
for the more general case involving N'*'* , X'{r) and equation (23). 
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CHAPTER XIII 


SLOW VARIATIONS OP SOCIAL RELATIONS. 

THE MECHANISM OF HISTORY 

The phenomena studied in chapters iii-viii are all essentially of a 
static nature. Given a definite distribution function of a characteristic 
of the population which determines the sizes of the different active 
classes and of the passive one, we obtain a definite behavior pattern 
for the population as a whole. This behavior pattern remains constant 
as long as the composition of the classes i*emains constant. Although 
we have studied in chapter iii and viii possible variations of the be- 
havior pattern with respect to time, these variations are of short du- 
ration and principally determine the mechanisms of the relatively sud- 
den transitions from one behavior pattern to another which occur 
when the composition of the active classes changes. But nothing has 
been said as yet concerning the causes which may produce such 
changes in the composition. 

The considerations of chapter x also deal essentially with quasi 
stable phenomena, for the mechanism of mobility between urban and 
rural populations has not been considered and only equilibrium con- 
figrurations have been treated. These equilibrium configurations slow- 
ly shift as the size or composition of ihe social group varies. 

In the subsequent chapters we shall study the possible causes of 
variations in the composition of a social group with respect to time, 
and thus discuss long range variations of social structures. This nat- 
urally introduces us to a mathematical theory of history. The histori- 
cal phenomena which can be treated mathematically in this fashion 
are somewhat restricted in scope. No one will ever hope to derive 
mathematically how many wives Henry VIH had, or how long Louis 
XIV reigned, or what kind of entertainment was current at his court, 
although this type of factual information does fill a not insignificant 
part of some history books. What mathematical history should he able 
to describe eventually are the changes with time in social relations, in 
forms of governments, legislation, art, philosophy, religion, etc. 

In chapter i it was indicated that one possible cause of variation 
of sizes or relative strength of different active groups actually found 
in human history is due to tt^e formation of closed hereditary social 
classes. Due td the dissimilarity of pwrents and offspring, such a h&- 

10 $ , 
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rcditary closed class, which originally may be all composed of active 
individuals of a given type, will gradually be “thinned out” by pas- 
sive individuals, bom to active parents. This results in a general weak- 
ening of the aetiveness of the class as a whole. On the other hand, ttie 
passive class gains some active individuals and thus becomes less pas- 
sive as a whole. In this case we have a change in social structure and 
therefore in the behavior pattern of a society as a whole, in spite of 
the fact that the actual total numbers of active and passive individ- 
uals, or at least their ratios, may remain unchanged. In other words, 
this is the case of a constant distribution function or, as we shall call 
it for brevity, of constant profile of tlie society. Some cases belonging 
to that group will be discussed in the next chapter. 

There are possibilities, however, of actual variations of the pro- 
file of society vdth respect to time, as we have seen in chapter ii. Due 
to different birth rates and due bo different possible kinds of inter- 
breeding between individuals of different types, we may have aperiod- 
ic or periodic long range variations in the structure of society. The 
relative number of different types of active and passive individuals 
will fluctuate 'or otherwise vary in time. This will result in fluctua- 
tions of behavior, in other words, of the social i-elations of the whole 
population, although these fluctuations will not necessarily be periodi- 
cal. The whole problem of social changes in a population thus becomes 
essentially a problem of biology of mutual interaction of different 
species, regarding each type of individual as a species. In sociology 
and history changes with respect to time in ideologies, morals, tastes, 
etc., are frequently discussed. A quantitative mathematical description 
of such abstract, almost intangible, things may well be impossible. 
The problem changes radically when we .speak of the changes in the 
relative numbers of individuals professing given ideologies, morals, 
or tastes. A quantitative description of these changes is quite possible. 
We shall consider these changes as tlie fundamental mechanism un- 
derlying the phenomena of history and shall discuss some of them in 
subsequent chapters. 

It must be emphasized that the possibility of a mathematical de- 
scription of history does in no way depend on the picture which we 
adopted here; namely, the interaction of active and passive individu- 
als. The assumption of a sharp distinction between actives and pas- 
sives is of course an assumption made for the simplification of the 
mathematical treatment. As we have seen in chapter iv, a more rigor- 
ous treatment of continuous distributions leads to essentially the same 
results, at least in soma simpler cases. The concept of individuals with 
different degrees of influence and of susceptibility to influence is 
realistic enough a^d can ]todly be regarded as an assumption. On 
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the approximate treatment of that concept we base our mechanism 
of histoi’y. But if anyone does not agree at all with the picture of inter- 
action of more active and leas active groups, postulated here, it will 
still be possible to describe in mathematical terms changes in customs, 
ideologies, etc. We may, for instance, consider in equation (21) or (34) 
of chapter iii the quantities Xo and yo not as the number of active in- 
dividuals exhibiting behavior A and B, but purely formally, as some 
variables in terms of which the behavior of the whole society can be 
expressed by means of such equations as (21) or (34) of chapter iii. 



CHAPTER XIV 

CONSTANT PROFILE VARIATIONS OF SOCIETY 

I 

Let us now consider again, as in chapter iii, a population oi N in- 
dividuals, with .ro active individuals 1^, and t/,, active individuals Is , the 
remainder being passive. Let inequality (8) of chapter iii be satisfied, 
so that all N' individuals of type II exhibit behavior A . By virtue of 
associations with similar individuals, all individuals of type 1a. will 
form a social class, in a manner previously described. Since we are 
dealing with a simplified case where a uniformity of all individuals of 
a type is assumed, this social class will be composed, with the same ap- 
proximation, of the Xa individuals 1 1 . Similarly, there will be a social 
class of Vo individuals of type Is , and a social dass of N' individuals 
11 . The first social class (1a) controls the behavior of the whole pop- 
ulation. With the majority of the population exhibiting behavior A , 
tlie group Is may either be prevented from activity B , or even entirely 
suppressed and destroyed. 

Let us now study tlxe variation of the composition of the control- 
ling class with respect to tune under the assumption made previously ; 
that is, we take into account that of the total progeny of individuals 
I A , only a fraction a will itself belong to a type / 1 , the remainder be- 
longing to type II. However, let the progeny of the first class associate 
only with the progeny of theisame class. That is, instead of association 
by actual similarity, we shall have an association by the similarity of 
the past generations. As we have seen in chapter i, this results in an 
increase of individuals of type II in Uie first class. We shall call class 
A the social class composed initially of individuals of tsrpe I a ; we shall 
call class B the social class composed initially of individuals of type 
Is', while the social class composed initially of individuals of type II 
will be referred to as class II. 

Lot be the total number of individuals in the social class A . 
Let nA^ be the number of individuals in class A of the type Ia , Wa" be 
the number of individuals in class A of type II , and ma® be the number 
of individuals in class A of type Is , Similarly, we denote by the 
total number of individuals in class II , by number of individ- 

uals in <dass 11 of type U , by the number of individuals in class U 
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of type A , and by Ww" the number of individuals in class II of type B . 
And, in a similar way, wc define Uu ,'nB'^ , ria" , Wjs" . We have 


and 


iV = n I + W// + na , 

n 1 = -I , Wa = n.a^ + riu" -h , 

nil = W/," + 4- nii^ . 


( 1 ) 

( 2 ) 


Consider here for simplicity the case in which the rate of increase of 
the population is propoitional to the population. In many cases this 
IS a good approximation to actual conditions. 

Denoting hy pi, ftn , and pe three coefficients of proportionality, 
we now have 


driA „ dntt dn^ 

— — — — Pt/nii) — 

dt dt dt 


(3) 


In general, of course, we should take three different values Pa , Pn , and 
Pb . We consider here, only tor the sake of simplicity, the case where 


P\. — Pn — Pb — p‘ ( 4 ) 

A case of different birth and death rates for different classes will 
be discussed in chapter xvi. 

Of all the progeny in any class, let the fraction be of type Ia , 
the fraction as be of type Ib , the remainder 1 — — an being of type 

11. Strictly speaking, these fractions should differ for different 
classes, but, again for simplicity, we consider them as the same for 
all classes. The moi’e general case is treated in a similar way. We now 
have 

„ dnii^ „ dns® „ 

—~r — a^iPnA; — -~=aBPnB, (5) 

dt at at 


and similar equations for the other . 

Equations (3) and (4) , together with the consideration that ini- 
tially we have « i = aso . its = t/o* = N'n, give for any value of f > 0 : 


.ToCP'; »H=2V'«eP‘; n!8=^^/oeP^ 


Substituting equatidns (6) into (5), we have: 


dt 




dt 


^aAPN'iB^*', 



with similar equations for other . 


( 6 ) 

(7) 
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Equations (7) give: 

ni^ = a,x^e^‘ C , %/ = aiN'„cP‘ + C" , 

( 8 ) 

nB^ = aByoe^‘ + C"', 

C, C, and C" being integration constants. Since for i = 0 , = jJo . 

«// = 0 ,nB^ = Vo, therefore 

Xo = uaXo + C ; a/iV’o + C" = 0 ; j/o — Uil/o + C"'. (9) 

Hence 

C' = a:o(l-a,); C"=-a^N'«; C'" =2/o(l - a^,). (10) 

Introducing equations (10) into (8) gives: 

= Xo + a4Xa{eP‘ — 1 ) ; = aAN'o(eP^ — 1 ) ; 

na^ = l/o + aaVaieP* — 1) . 

Comparison of equation (11) with (6) shows that for t=^ oo 

ni' = a.i%; nj/-=ai%j,; nB^ = aj,na. (12) 

Expressions (11) hold under the assumption that the principle 
of “hereditary classification” is enforced rigidly. In general we have 
a certain amount of “social mobility,”^ so that individuals of class 11 
may pass into class I . Let a fraction y of all individuals of type A 
bom per unit time in class U pass into class I . Since per unit time 
altogether an^N'o [c.f. equation (7) 3 such individuals are bom, we 
now have, instead of equation (7) : 


dt 




dWj/ — 

{l-f])aA^N',eP*. 

at 


(18) 


The equations for the other nf remain the same as before. Equations 
(13) , with the same initial conditions as before, give 


— a!o + oiii (®o + (a^‘ — 1) , 

nu\=(l-g)a,N'„(eP*-l), 

Now we have for i = » , instead of equations (12) : 


(14) 







) 


OAfl-A; 


nu*=^ (t — n)0'4^it. 


(16) 
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which reduces to equations (12) for »/ = 0 . 

Let us consider possible effects of such changes in the conaposi- 
tion of the different social classes, as described by the above equations 
for sufficiently small mobility t ) . At the beginning, that is at t~0 , 
class A was the controlling class, because it was all composed of in- 
dividuals of type /a and their number satisfied the “controlling in- 
equality" (8) of chapter iii. Class A continues to control the rest of 
the population by a sort of hyator^is, which may be in this case ap- 
propriately called tradition, although the relative number of indi- 
viduals of type /a an class A , the only ones who can actively control, 
gradually decreases. On the other hand, class II acquires a certain 
fraction of individuals of type Ia whose behavior is controlled, again 
by tradition, by those of class A , although they are actually of a con- 
trolling type themselves. Moreover, there is class B , which originally 
was too small and therefore did not gain control, but whoso relative 
size might have increased, either because as > oa, or because the 
asymptotic value of for t = « is greater than the initial value. 

Let us first consider the case in which the total number of indi- 
viduals of type Ib remains negligible. This will happen when aa is 
very small. Then the individuals of type 1 1 , belonging to the class II 
by accident of birth, will try to gain control over the whole popula- 
tion. They will actually gain control when an inequality, correspond- 
ing to (8) of chapter iii, will become satisfied. In this inequality we 
must now substitute for Xo , and for 7/0 , since it is those two 
groups that now dispute control. The control now will consist not of 
imposing on the population the behavior A (since it is already im- 
posed) ; but while individuals Ia of class I will seek to impose obedi- 
ence to them (behavior A'), individuals 1^ of class II will seek to im- 
pose obedience to them (behavior A"), For N in inequality (8) of 
chapter iii, we must introduce the total population at the time t, 
which because of equations (I) and (6) equals 




( 16 ) 


Introducing again the coefficients of chapter iii and 

letting Co refer to individuals of type Ia in class A , Oo to those of type 
I A in class II , and a to those of type II in class II , and introducing 
the notations 




a 




fk- 


Oo— a 
do + a’ 


( 17 ) 


the condition for the talcing over of control by individuals of type 
Ia in class II becomes 
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> fii.N (t) + . (18) 

Introducing for and iV(t) their values from expressions (14) 

and (16) , we obtain 

(1 — — 1 ) > 

(19) 

+ (ita[a!o + ax(a:o + rjN'o) (e^' — 1)]. 

The time t* when the change in control will happen is obtained by 
substituting for the inequality sign a sign of equality and solving 
the resulting equation for t . This gives, after rearrangements: 


1 , (1 — n) ^ aN'o 4- — aA(a;o + j^A/'o)] 

t lo^ “ ' " • y^Sj) 

p (1 —'^)<XaN'o — fiiNo — fhaA (®0 + rjN'o) 

Since for t = 0 inequality (19) does not hold, and both sides of (19) 
are exponentially increasing, therefore, if (19) is to hold for positive 
values of t , it must hold for t = oo , which gives 


(1 — ri)nAN'a > fhN'o + jUaa i (»o + rfN'a ) . (21) 


Inequality (21) shows that the denominator of equation (20) is posi- 
tive. Therefore, in order that t* should be real and positive, the nu- 
merator must be greater than the denominator. This gives 

(1 — jj) ttxIV'o + lUaCaio — aa(a;o + "^N'o) ] 

( 22 ) 

> (1 — ^) aJSf'o — fijN^ — /iaOx (ajo + jjN'o) , 
which is equivalent to 

HtNo + Us®o > 0 , (23) 

which is always satisfied. Hence t* is always real and positive if in- 
equality (19) holds, at all. 5? must not be too large, for when 17 = 1 
or is near unity, practically all individuals of type I a will be in class 
A . When ^ = 1 # inequality (21) cannot be satisfied. 

With 

jUii=10-*; 1; a:o==SX10®; 

■^-10-*; N^=zN\~W; 

Ox = 3 X 10-® ; /S = 10-* year-’^ 

we find from equation (20) : t* <» 10*-10® years. 

A somewhat different situation will develop when the class B is 
originally rather large, so that while inequality (8) of chapter iii 
holds, yet exceeds the right-hand side of (8) only a little. In this 
case, as class A weakens due to a relative decrease of , it may 
happen that the inequaUiy 
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0 , c„ — a 

N + - (24) 

tto + a Oo-^- a 

will begin to hold, where Oo refers to individuals of type Ib in classes 
II and B , while Co refers to individuals of type 7^ in class A . We 
obtain an expression similar to equation (20) for the time when this 
occurs. In this case, individuals of type Is gain control of the popu- 
lation, and the general behavior changes from A' to B . 

The actual transition either fa’om A' to A" or from A' to B is 
described by equations of the type of equation (6) of chapter iii or 
of other types studied in chapter iii. Once a new kind of behavior is 
established, two things may happen. Either the principle of “con- 
trolling class heredity,” in other words of small mobility, is part of 
the new behavior, or it is not. In the first case, again a “thinning 
out” of the controlling class will occur, and this will result in a change 
from the new behavior to the old one, these changes going on periodi- 
cally, with a period of the order of a few hundred years. It must be 
emphasized that the control which a class exercises need not neces- 
sarily be political. It may be a cultural control. In general these two 
will likely be correlated. 

If, afto a change from behavior pattern A to behavior pattern 
B , the principle of class herediiy is not adhered to, the behavior 
pattern B may last indefinitely. This, however, is not necessai’ily the 
case. We have seen that [cjf. equations (12)] 

nx*- + == oiiN ; -H == asN . (25) 

If ca >> , then eventually the number of individuals of type h will 

increase sufficiently for them to gain control of the population. In 
spite of a large , and even due to it, control by individuals of type 
It cannot last indefinitely because, due to the pi'inciple of class hered- 
ity, the group of individuals of type h eventually divides itself into 
A' and A". But a behavior pattern which does not adopt class hered- 
ity will v/nder these cowMtiom also not exist indefinitely. ' 

We have studied here the case of an exponentially increasing 
population. The other extreme, that of a stationary population, can 
also be easily studied, In this case, N remains constant, and , 

and ns also remain constant, but ka*, na ^ , etc., vary. One should also 
investigate the case of interaction of three or more groups of type I . 

Periodical fluctuations exf influence of two different groups may 
also occur in the absence of class heredity if we consider that a group 
associates into a class only upon reaching a certain size, and that the 
mortality in such a closed edass is heater than m class II because 
of inbreeding or for other reasons. But until a qlass is formed, the 
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mortality of individuals Ia is the same as that of the other individ- 
uals of class II . Then such a class A will gradually become relatively 
smaller until it is overcome by another group. However, since class 
II produces individuals of type / at a rate proportional to a , then if 
a is sufficiently large, a group I a will be regenerated, and keep on re- 
generating until it becomes so large that it forms an exclusive class, 
which results in an increase of mortality, etc. The discussion of the 
differences of mortalities m different social groups by P. Sorokin® is 
of interest in this connection. 


II 

The slow variations of the social structure studied in chapter v 
and based on economic interaction may be studied in a similar way. 
Consider the case described by equations (15) and (17) of chapter 
V. Originally we have individuals of type I forming class I , and 
Ni > Ni individuals of type II forming class II . Let us consider 
again that the progeny of parents of a given class continues to be- 
long nominally to the same class, although it may be of a different 
type. Denoting by n./ the number of individuals of type I in class I , 
by Wi" the number of individuals of type II in class I ^hyn^' the num- 
ber of individuals of type I in class II, and by n/' the number of in- 
dividuals of type II in class II , let us put: 

Wi' + rh" = ni', 
n2 + Ma — Til . 


Denoting by p the rate of increase of the population, assumed the same 
for all types, and by a the fraction of individuals of type I bom from 
any parents, we again have: 


and 


dni 

dt 




drit 

dt 




dfh' 

dt 






dt 


— aiSn^; 


dth" 

dt 


= (1 — a)i?%; 
=;{l~a)Pna. 


(27) 

(28) 


(29) 


Remembering that for t — o , -n-t' = jioi , ih" ~ 0 i Wn' == 0 r Wa* = Ww! , 
we find from equations (?9) and (28) 



118 


MATHEMATICAL THEORY OP HUMAN RELATIONS 


ih'~anai(eP<^~l) +?ioi; = (1 — a)Woi(e'’' — 1) ; 

nt' = awoi (eP* — 1) ; n^" = (1 — a) ?io 2 cP* + avioa . 

For simplicity we neglect here the effect of “vertical mobility” from 
class to class.^ 

According to the picture made here, these variations of the dif- 
ferent result in a variation of tiie quantity rj , as defined in chap- 
ter V, for ri is nothing else but n^'/Tist . The quantities Ci and 62 are also 
affected by these changes, for when the whole class I of via = via! + 
individuals is not composed of individuals of type I , but of individ- 
uals of both types, we should substitute for Ci and average values, 
such as 

— Wt'fii + — vit'et + 

£ 1 — ‘t £ 1 — • ( 31 ) 

Vh. 

Remembering that is the same as N 2 of chapter v, putting 


introducing equations (30) into (31) and (82) , and then introducing 
the result into equations (19) and (18) of chapter v, we obtain dif- 
ferential equations for Wi and Wt , which are, however, too cumber- 
some to be treated directly. In view of the schematizations already 
introduced, an exact solution of these equations would hardly be worth 
while. However, we may derive approximately some general proper- 
ties of the solutions without actually solving the equations. 

Let us again consider the ratio Wi/Wt . As we have seen, it origi- 
nally increases, tending to a constant value given by equation (31) of 
chapter v. This value, however, remains constant only as long as j? , 
El , and Ba are constant. Since this is not the case, Wi/Ws will continue 
to change. From expressions (28) and (80) it follows that Wi/»ia re- 
mains constant, but that vin!/via decreases. Equation (31) shows that ^ 
decreases from eiC=eito^ = e 2 < 6 i while E 2 increases. The quantity 
jj decreases because ny'/vh decreases. This will result in a decrease of 
the numerator of expression (31) of chapter y and an increase of the 
denominator, hence in a decrease of Wi/W^t . We have specifically con- 
sidered the situation in which originally dWi/dt > dW^/dt , in other 
words when [cf. equations (IS) and (19) of chapter v] ; 

fill? + Wo/(ij) + 6 — 2V6‘M>o/(’?) > 62 — b + (83) 

We shall investigate how inequalily (38) is affected by a variation 
of 17 . In order to djscusa this, we innst make some assumptions about 
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f(ij) . If f(ri) is of the form (7) of chapter v, then we may rougrhly 
approximate it for small values of rj by 

(34) 

in the range from tj = 0 to i] = 1/a , and by 

/ = /o (35) 

for ij > 1/a . In other words, we substitute instead of the curve (Fig- 
ure 1), two segments of straight lines. Since a variation of jj will 



FlOUBE 1 

(Reproduced from Piychometrika, 1939, Volume 4, with the permission of 
the editors.) 

affect /(jj) only for smaller values of ij , we may substitute equation 
(34) into (33). We shall also neglect in the first approximation the 
changes of sj and . As a matter of fact, we shall considerably sim- 
plify our formulae without greatly affecting their generality by put- 
ting Bi = sa = 0 . Making the above substitutions into inequality (33) 
and substituting an equality sign for the inequality, we obtain the 
following equation for determination of tj", the value of v for whidi 
inequality (33) breaks down; 

+ 2b — Z-\/bwJo<^* . (36) 


Squaring and solving for we find two positive roots 






and V = 


46 


Wof^a’ 


(87) 


Since equations (37) are obtained by substituting equation (34) into 
inequality (83) , and since equation (34) holds only for t} < 1/a , there- 
fore the above argument, as well as its subsequent conseqtiences, holds' 
only if the larger root V is less than 1/cu, or if 4/b/wJ^ < 1. Be- 
cause of the approxiination used, our results hold' only 'vrtthin a re- 
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strictfid range of the constants. The meaning of the two roots be- 
comes clear upon inspection of inequality (33) . It can be easily shown 
that for ei = ea = 0 inequality (33) holds only for jj > and for 
tj < j/i*, while for rj* <ri< rji' the inequality (33) is reversed. Physi- 
cally, the meaning of this situation can also be easily understood. A 
decrease of i? means a decrease of proper supervision or organization 
of the work of individuals of type II , and a corresponding decrease 
in output. For iji* < < jja* , this supervision becomes too small to 

enable class I to retain a sufficient amount of goods relative to class 
II . Still the work of class II produces enough goods to make both 
dW^/dt and dWi/dt positive. Por i? > rji , both sides of inequality 
(33) are positive. When i? decreases still further, approaching zero, 
the individuals of class II cannot produce enough and again dW-i/dt > 
dWi/dt , but both are negative. The first class merely loses less than 
the second. 

We thus see that since ij decreases with time, following a period 
of "concentration” of accumulated wealth in class I , there is a period 
of "deconcentration.” The beginning of the “decline” of class I is 
given by the equation 

^ = (38) 

in which we have to substitute for jj* the expression (37), for jj the 
expression (32) , and then introduce for rw' and «s the expressions (28) 
and (80). This gives 

an»i (eP* — 1) + Uoi _ 4b 

■Mw! eP* Wo/oO ' 

Solved with respect to t , this gives: 

^ 1 , (1 — a)nnWoha 

t=--log— 

^ 4&^q 2 OtWoiWo/ 0® 

In order that i should be real we must have 

4b»ln* > aWotWo/ott , 

which imposes an upper limit on . The meaning of this be- 

comes clear when we consider ihat with the assumption made here 
about /(^) , an increase of ttoiMa above a certain limit leaves /(«?), 
and ther^ore dWi/ di and dWi/dt , practically unchanged. On the oiher 
hand, tends, as seen trom equations (80) and (28) , to , Hence 
1 ? = nZ/'fis Ijqnds to the value ath/^ • If origipaJly iiiere 

has been a very large ♦‘reserve” of , then this final value of ^ 
t may still be su^dent under these condiitieins to keep , 


(39) 

(40) 

(41) 
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In reality such a case is very unlikely to occur. It would actually mean 
a very large “initial reserve” of executive and supervisory personnel. 
In any case, the ratio Wi/Wj would decrease due to the decrease of 
Cl and increase of £ 4 , a fact which we neglected in our approximation. 

Moreover, we must consider that the number fh' of individuals of 
type I in class II is gradually increasing. When the ratio = 
becomes sufficiently large, a new class of /' of “supervisors” will be 
formed within class II , and I' will begin to compete with class I . 
Depending on the choice of the constants, this may happen even be- 
fore class I "declines” appreciably spontaneously. 

The rise of class 7' and its competition with 7 will begin when »/' 
satisfies the equation 


SO] + Wo/(i/) + b — 2y/btVufir}) 

= Bilf + Wof (ri') +6 — 2-\/hWof W) I 


(42) 


which requires that ri ~ rf and in which we have to put [because of 
equations (28) and (30)] 


%! _onoi(e^* — 1) +«oi 
no2e0‘ 


This gives 


__ a(eg« — 1) 

1 (1 — a)noi + aUo4 

4 = — log 

^ n('Wwa ^oi) 


(43) 


We may consider a more complicated case, in which, because of the 
difference of the amounts of wealth already accumulated, the competi- 
tor, in order to succeed, must start with more stringent conditions 
than equation (42). For instance, we may require that the right- 
hand side of (42) exceed the left-hand side by an amount which is a 
function of the difference of accumulated Wl and Wt . This will give 
for t , instead of equation (43) , an expression which will involve such 
constants as si , a* , A) , a and b . 

The interesting result of this study is that it shows us a simple 
picture of the "birth” of a “wealthy” class, with an ensuing initial 
“concentration” of “wealth,” followed by a “decline” and finally suc- 
ceeded by a class composed of different individuals. While a differen- 
tiation according to accumulate^t wealth remains, yet the class dis- 
tinctioin shifts with time^ from, one group Of individuals to another. 
When developed much farther, such a study rnsq? perhaps be connected 
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with. P. Soi’cMn’s interesting study on the “life-span” of different so- 
cial organizations.'* Comparisons of calculated life-span [e.g. equa- 
tion (40)] with the observed ones may give us the values of some 
of the constants involved. 

The most interesting further developments, however, would be 
in coxmeetion with the preceding study of the life-span and interac- 
tion of classes which exercise a control due to their initiative, re- 
gardless of the amount of wealth. The existence of a “wealthy” class 
is, after all, possible only when the majority of the individuals in 
class II regulate their behavior according to the principles involving 
■the sanctity of private property. Otherwise, they may take away the 
accumulated wealth of class I by sheer force, due to their numerical 
prevalence. Thus, the existence of such a class I presupposes either 
an influence of the individuals of this class on those of tsrpe II , or the 
existence of another “influencing” group which determines the be- 
havior of individuals of type II . In the latter case, any changes of 
■tlie interrelations between the influencing group and the rest of the 
population will have strong repercussions on the relation of class I 
to class II and on WJW-i . Such relations should form the object of 
further studies. 


, III 

We shall now discuss the interaction of three classes, an auto- 
cratic, an organizing, and a passive one, as studied in chapter vi. 

To conp.ect the expressions derived on page 57 with the prob- 
lem of the variation of the socio-economic structure with time, we 
must express the quantities A , B , C , a, and 6 in terms of Ni , ATj , 
and Nt . It will be rather natural to assume that at, and 6 are propor- 
tional to N or Ni, since Ni « Ns and N, « Ns . The demand will 
approximately double if the number of consumers doubles, ceteris 
paHbm. Concerning A, B , and C , we may consider that the greater 
class II , in other words, the more people ■fcere are capable of super- 
vising the work, the less will be q . With an increase of Ns , the num- 
ber of inventors 'will also increase, facilitating production and there- 
fore reducing q , since inventors come from class II . Assuming, ordy 
as an illustration, 'that 


A « 





a«Ns; b^Ns, 


(44) 


let us first consider the simplest possible case in which the total popu- 
lation incres^es but the ratio Nl/Nf remains constant. Then •^(re see 
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from equation (15) of chapter vi that will first increase, then tend 
asymptotically to a constant value. For very large Na , u will grow ap- 
proximately as Ni , as do and q . Hence we have 

fw cc iSTs ; q « j ucc Na‘, p <x Na. 

The ratio !«./ (pu — q — $u) of the amounts retained by classes I and 
II will therefore vary, with larger N's , as I/N 3 a 1/N . With in- 
creasing population the relative rate of accumulation of weallh by 
class I will be decreased as compared with that of class II . The rela- 
tive wealth of the two classes will also decrease. It must be noted 
that the ratio ^u/ (pu — q — may initially be either greater or less 
than 1/2 , depending on the values of the constants. Thus the con- 
trolling class need not necessarily be the wealthiest. In any case, 
however, under the assumptions made here, the controlling class will 
gradually become relatively poorer as compared with class II . 

We have assumed that Na/Na remains constant as N increases. 
This means an unrestricted social mobility between class II and class 
III . This is probably what actually happens for the class of people 
characterized by some special abilities of technical and scientific na- 
ture. If we assume that between class I and class III the social mo- 
bility is small, then, as has been shown in chapter iii, after a lapse of 
time inequality (2) of chapter vi will cease to hold and the control 
will pass to class II . Expression (20) has been derived for the mo- 
ment f* when this will happen. For t > t* the relations discussed in 
this section do not hold, for class II does not need to give anything 
to class I . Hence, if at the moment t* class I is still relatively wealthy, 
then at t = t* there will be a sudden drop in the relative wealth of 
classes I and II . On the other hand, at f = t* class I may already be 
sufficiently less wealthy than class II , in which case the discontinuity 
will be either less pronounced or altogether absent. 

In deriving expression (20) we assumed the coefficients Oo, Cp, 
and a in equations (17) to be constant. Actually these coefficients will 
increase with increasing wealth of the corresponding classes because 
they increase with the amount of technical facilities available for com- 
munication. Thus by making 01 , 0 %, and Og functions of time, through 
their functional relation to the total amounts of wealth available, we 
shall have a more complex equation for t* . This is an interesting prolK 
lem which requires a special investigation. 

IV 

Now we shall discuss the long range variations qf social struc- 
ture for the case discussed on page 69, in chapter vi* which leads to 
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equations (26) and (28) of that chapter. 

We have 

ai' » &i' i Oa' « W , 0,1 » a/ , 

bi' «hi . 


( 45 ) 


For Cl , tta , &i , and we have 

Cl — Wi^Ci “I" f Cl — Wi//^Ci "t* I 

bi = n/" 6i' + V'bs' , bs = nj/b/ + 

While Cl' , bi ' , Oa' , ba' are constants, the values of Ci , bi , Ci , and ba 
vary with respect to time because of variations of n/ , ■»?/" , etc. With 
the foregoing assumptions, n// decreases with time, according to 
equations developed previously, while nu^/n„^‘ remains constant. On 
the other hand, all increase. Thus Ci , Ca , bi , and b, will all in- 
crease. But, because of equation (28) of chapter vi, Cj and bi will 
increase more slowly than Ci and ba , so that Ci/Ci and bi/ba decrease. 
Hence, according to equations (26) and (28) of chapter vi, aji/ci and 
Ui/Vtk will decrease. In other woi’ds, while class I receives the lesser 
fraction of goods from class 11 , at the same time the reMive amount 
of legislative privileges of class II as compared with class I increases. 
In Figure 2 the variations of Xi/Xt , as given by equation (27) of 



PlOUMJ 2 

(Reproduced from PayehoTwtnka, 1942, Volume 7, witli the peiwission of 
the editors.) 

chapter vi, are shown for the following choice of constants: a/ = lOa*', 
ht/hi ^ 1-66 . The rates- of increase of the population for all classes 
are assumed the same, with p = 0062 years-^ The percentage Oi of 
offspring of type / is tAhen as (M)86 . 

For comparison, points plotted in Figure 2 are taken from data 
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compiled by P. Sorokin.-’ In collaboration with a number of other 
economists and sociologists, Sorokin has made tentative estimates of 
the economic conditions for different social classes in different coun- 
tries. The estimates are based on a relative scale, ranging from 1 to 
10. As Sorokin points out, the individual curves do not show any 
definite trends. If we take the ratio, for instance, of the values for 
the nobility and the bourgeoisie in l^’ance, we find a definite down- 
•ward trend, as seen from Figure 2. 

It may be legitimately questioned as to whether this ratio can be 
identified with our s:t,/x 2 . Such an identification is justified only as 
a rough approximation. The relative economic conditions of the two 
classes at a given moment are functions not only of Xi/x^ at that mo- 
ment, but also of the values of Xi/x^ at previous times, since wealth 
can be accumulated. However, we may' roughly compare the relative 
economic condition of two classes with Xi/x ^ . The bourgeois class 
was chosen as representing class II , which is also only approximately 
irue. No definite conclusions should be drawn from Figure 2, which 
is given merely as an illvsh'aHon of how some theoretical conclusions 
of Uie type discussed above might be compared to sociological data, 
if proper data were available. 

One could in principle apply similar considerations to the varia- 
tions of civil laws with time, which may characterize the different 
rights, privileges, and obligations of different classes and may be 
identified with pi and Vi . Quantitative data of that type are very 
difficult to obtain. It must be noted, however, that P. Sorokin’ has 
made an interesting attempt to determine the quantitative indices for 
the variations of criminal laws. An extension of Sorokin’s method to 
civil laws would be very desirable. 

Using expression (22) of chapter vi without any restriction upon 
the coefficients, we obtain similar, though more complicated, relations. 

At this point it must be very strongly emphasized that the mathe- 
matical theory of legislative change suggested above does not con- 
stitute an “economic interpretation” of social phenomena and does 
not commit us to such an interpretation. Neither does it commit us 
to any other special sociological doctrine. At first glance one might 
think that the shift of legislative tendencies, expressed by , is 
the result of the shift of the ratio a^i/xs , which is an economic quan- 
tity. The true cause of the variation, however, is the “thinning out” 
of class I , which results in a loss of a number of capable legislators 
in it. The parallel variation in x^/xt and Vt/Vi, is a consequence of 
this “thinning out” plus the special assumption made about the satis- 
faction functions. With somewhat more general assumptions about 
these functions, we shall in general find Xi/Xa ¥> , though the two 
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ratios may exhibit a certain parallelism in their variations. 
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CHAPTER XV 


VARIATIONS OF THE PROFILE OF A SOCIAL GROUP 

WITH TIME 

In. this chapter we shall discuss how the relative numbers oX in- 
dividuals of different types in the whole society can vary with time. 
This may be due to different birth and death rates for different types. 
The following discussion is intended as an illustration only. The sim- 
ple mechanism discussed here is not likely to occur actually. 

We shall again consider three types of people: one active, char- 
acterized by a behavior A , another active, characterized by a be- 
havior B , and a passive one. We shall change our notations, however, 
and denote the number of individuals of each type by a: , j/ , and z , re- 
spectively. We shall first restrict ourselves to a strictly selective 
mating, so that only persons of the ssime type intermarry. 

The total birth rales for different types of matings will in gen- 
eral be different. OC all those total birth rates in each type of mating 
there will be given fractions of offspring born of each type, these 
fractions also being different for different types of matings. The de- 
termination of those fractions is a problem of genetics, and shall not 
be considered here. 

The total rate of increase of x with respect to t will be the 
sum of terms proportional io x ,y and z , respectively. To that sum 
must be added a negative term proportional to x , which ^presses the 
death rate of individuals of liie first type. Similar considerations 
apply to the rate of increase of y and % . We thus find 

db 

dy 

I "I” UgsZ , ( I ) 

dt 

dz 

■■ ” 0*zxX "f" ”1" CtflaZ « 

dt 

There is a theoretical possibility that dn , <ha, (ht may be nega- 
tive. Thus dll will be negative if the death rate of the individuals of 
the first type is greater than its birth rate from type x . Similarly, 
this may happen for and . If we consider a rapidly growing 
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population in which death rates ai*e much smaller than birth rates, 
such an occurrence will be biologically extremely unlikely. The birth 
rate for a given type will most likely be much higher from matings 
between individuals of the same type than from any others. Thus the 
more probable situation is that , asj and a,, are not only positive, 
but are also much larger than the other a^s . 

The general solution of the systmn (1) is of the form 

, 

, ( 2 ) 


where the G’s are constants and Ai , h and A, are the roots of the char- 
acteristic equation 


1 

Oi\\ A Cti2 

^ Oil* 

^>2 ft i ^ ^ 1 

= 0. 

(3) 

Equation (3) is of the form 



with 

— A‘'+AA^ + BA + C = 0, 


(4) 

A £tj.x ^3d > 


(5) 


G <Si “I" 

Prom what was said above we may expect that in general (though 
not necessarily always) the coefficients On , Om and will be con- 
siderably larger than the remaining coefficients. Under these condi- 
tions 

A>0; B<0; OO. (6) 

An elementary graphical examination of equation (4) witli conditions 
(6) shows that it has one real root and two conjugate complex roots, 
the real part of the latter roots being positive and less than the value 
of the real root. This is also readily ascertained by taking, for in- 
stance, as a numerical Kcample On = Oa® = aa, = 2, all other ads be- 
ing equal to 1, (Only relative values of the coefficients are impor- 
tant) Thus we have 

-itt, = (7) 

where u , if and nD are real nuntbers and 




( 8 ) 
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The first two roots and Ij give an oscillation with exponentially 
increasing amplitude, of the form 

c“* sin vt , (9) 

while 1, gives a term of the form 

e»‘ . 

The zero point of the oscillations thus increases exponentially. Be- 
cause of inequality (8) the amplitude of the oscillatory term increases 
less rapidly than the zero point. Therefore, if proper physically mean- 
ingful initial conditions are chosen, the values of x , y and z will 
oscillate around exponentially increasing positive values but will re- 
main positive. In this case the relative sizes of the two active groups 
will fluctuate even in the absence of any changes produced by “class 
heredity.” The conditions (9) and (8) of chapter iii will also alter- 
nate and we shall have oscillations between two types of behavior for 
the whole group. It must be remembered, however, that these changes 
will not necessarily be periodical, because our solutions contain a non- 
periodical term, and the inequalities (8) and (9) of chapter iii in- 
volve all terms. With plausible values of the constant a,*, we find that 
ihe period 2n/v in (9) is of the order of 10*-10’ years. 

If we consider a more general case—where there is a certain per- 
centage of iniormarriages between difTercnt types— then we must add 
to the right sides of equations (1) terms expressing the birth rates 
from such mixed intermarriages. The birth rate of individuals of 
t 3 ^ I from intermarriages between type I and type II will be pro- 
portional to the number of such intermarriages. The number f^,, 
is itself determined by the statistical distribution of intermarriages 
of the kind considered, and is in general a function of x, y and z , 
Similar considerations hold for /« and . 

If the functions /^, f„, and fv^ are analytic everywhere, they 
can be developed around x = y = z = 0 into series not containing any 
linear terms, for must obviously be zero when either « or j/ is zero. 
Therefore instead of equation (1) we shall have: 


dx _ 


+ 

<hiy + 


+ 

L 


dt 







dy _ 


+ 

(hi>y + 


+ 

£ 


dt 






i.».i 


dz ^ 


+ 



+ 

S 


dt 






♦A* 
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where the sums on the right side do not contain any linear terms and 
the atft's are all positive. 

The general solution of the system (10) is of the form^ 

X = + Giae"-' + • + GtuefcV'* H- ■ • • , 

V — -r • • • , (11) 

«f = Gaie'>* + Gaae^"' + Gaa®^'* + • + GauC''^'* H , 

where again the G’s are constants and the I’s are the roots of equa- 
tion (4). We still have periodic fluctuations of x , y , and z around 
monotonically increasing points ; those fluctuations, however, are not 
simple harmonics, but are represented by Fourier's series of corre- 
sponding fundamental frequency v . 

If fay > fvs > and /*2 are not everywhere analytic, the foregoing ar- 
gument does not hold, and we cannot tell whether periodicities exist 
or not. A special investigation is necessary. It may be remarked that 
some rather simple and natural assumptions about the distribution 
of matings of different types may lead to expressions for ft ^ , , and 

fua which are not analytic ata: = y = 2 = 0. 

It is readily seen that in the case with only two types of individ- 
uals, which leads to a system of two equations, periodical solutions 
are impossible if the population has to increase. The characteristic 
equation is in that case a quadratic one, with two roots Xi and Aa . 
Either both A’s are real, or they are conjugate complex. In the latter 
case we have oscillations with variable amplitude around a fixed 
point. In fact, in the absence of constant terms in the expansions on 
the right sides of (10) , that fixed point is zero, leading to negative 
values for the variables, which is physically absurd. 

On the other hand, with more than three variables, even more 
complicated cases of periodical fluctuations are likely to occur. 

Much more complicated non-linear equations are obtained if we 
consider different possible types of selective matings between differ- 
ent classes. This opens a wide and as yet untouched field for further 
investigations. 
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CHAPTER XVI 


ANOTHER CASE OP VARIATIONS IN THE STRUCTURE 
OF A SOCIAL GROUP WITH TIME 


In the case considered in chapter xv we found that the periodic 
oscillations may occur around values which grow exponentially with 
time. In the present chapter we shall consider a somewhat different 
situation, wheie the size of the social group approaches a limiting 
value. 

It is known^ that in many cases the growth of human population 
of N individuals is well represented by the following differential equa- 
tion: 

^ — a'N—b'N’^, a'>0, 6 ' > 0 . ( 1 ) 

dt 

The natural biological interpretation of equation (1) is to assume a 
constant birth rate a per individual and a death rate which is linearly 
increasing with the density of population N/S, where S denotes 
the area occupied by the population. Putting for the death rate 

4- N, and putting o'/S = c, we obtain; 
dN 

__ = aN— (& + cN) N, 


which can be written in the form of equation (1) : 

(a_&) N — cN*. (2) 

dt 

Let us consider that the population consists of two types of in- 
dividuals, their corresponding numbers being Nt and N* , so that 

Ni + Na = N. (3) 

We may in general consider the following system of equations as 
representing the variation of Ni and Nil 

^ + axW, - C&x + Cl (Nx + AT,) ] Nx , 

dt 

<4) 

^ - [6, + Ci (Nx + N,) 3 

dt 
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The first two terms on the right side of each equation represent the 
contributions of the two groups to the birth rates, while the last terms 
represent death rates, which for both types are increasing with the 
total density of population, but they increase at different rates. It 
would be of interest to study the system (4) , or possibly more general 
systems. The non-linearity of the system (4) makes this a rather 
difficult task. We shall therefore consider here a limiting case which 
may be of sociological importance. 

Let Nx denote the number of active individuals in the population, 
while N 2 denotes the number of passives. Furthermore, as will usually 
be the case, let Ni « , so that we may put 


Nx+Nx, = N2 = N . ( 6 ) 

The second equation (4) then represents essentially the growth of 
the total population. The first term of the right side may be omitted, 
and we obtain from it equation (2) by putting (h" = a , ba = b , 62 = c . 
As for the first equation of (4) , we shall first consider the case where, 
due to the smallness of Nx , the contribution of the active group to the 
birth rate of the actives is negligible as compared with the contri- 
bution of the passives. In other words, we neglect ai'Ni . Later we 
shall drop this restriction. Of the aN individuals bom in the total 
population, let the fraction a < 1 be active individuals. Then a," = ac 
and the first equation (4) becomes 

dNx 

— — = aaN ~ (61 + CiN) Ni. (6) 

at 

Of particular interest is the case Ci < Ca , in other words, when 
the increase in density of population affects the death rate of the ac- 
tives less than that of the passives. An increase in density of popu- 
lation means in general more difficult conditions of living and a great- 
er struggle for existence. The active individual is more likely to meet 
those increased demands, and thus the assumption c, < c is natural. 
As may be expected, and as shall be seen later, this results in an in- 
crease of the ratio Ni/N with increasing N . 

The integral of equation (2) is 


where 


N- 




ft — 6 

j ^s=a — b; 


( 7 ) 


6 


( 8 ) 
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and the origin of time is chosen so that at t = 0 , iV = yl/2 . The 
total population tends to iV* = ^ . 

The integral of equation (6) is 

{C I- dt} , (9) 

where C is a constant of integration. 

From equations (7) and (9) we obtain 

( g-flt \ ct,e 

1 . (10) 


while 


Putting 


/ 


dt = 




h e-®‘) dt. 



biC "f" Scx 

Be 


= k, 


( 11 ) 

( 12 ) 


and using equations (8), we find for the integral (11) the expression: 

1 

— - (1 + x)’^dx. (13) 

0 


For ai’bitrary values of fc and p , convenient closed expressions 
for (13) are not available. To obtain an idea of the variation of 
with either t or N , we shall study a few special cases obtained by 
using plausible values of the constants. 

Case 1 , a = 26 ; 6j = 5 ; ct = 0 . Then 


; B = b- 

G 


6i; fc = — 1; p = — 1. 


(14) 


Expression (13) now becomes* 

dx 1 1 + X 


0 J a 


1 , 1 + ® 
log- 


»*(l + a!) e X e ^ x 
Equations (9), (10), (11), (13) and (16) now give 

att 1 -+• e-®* 


Nx = 


C + 


-it ‘ 


oa 1-1- e-®* 
— log- 


-tt 


(15) 


(16) 


For i = 60 we have Nx — aa/c . This agrees also with equation (6). 
The lattar gives as a limiting stationary value 
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&i + 0iNk 


Because of A/’* = ^ and because of (14) , this reduces to aft/c . 
From equation (7) we have 

A A — N 

l-l-e-at=— ; e-®‘ = . 

N N 

Substituting this into equation (16), we find: 

A aa 


A — N i _ , aci 
N e A~n' 

If for N = 0 , iVi = 0 , we must have 

an 


log 


A — N 


C = -- 


thus obtaining 


77. = — ( 
c \ 


1 + 


c 

A-N . 
N 


A — N 


)• 


(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 


Since y log y tends to zero as y tends to 0 , therefore 77. = oft/c for 
77 = A. 


Expanding log 


A — N 
A 



, we find 



_...)] = 
{n/ay 

i(i + 1) ' 


( 22 ) 


Thus for 77 = 0 , A7i = 0 . The expansion having only positive terms, 
the first and second derivatives are positive for 0 < 77 < A . The 
(jNi , N) curve is thus convex downward. 

For 


^ dN-L at* ad 


(23) 


We have 

dNi ou 1 / A, A 

c=;— — I — log — 1 

m 0 77 \ 77 “ a -77 


( 24 ) 
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and this shows that for 

w,~“- 

Case %, a = 2b;bi = ib; <h. = ^ 0 . Then 
b 

A — — ; B = b = 2bx; k = — l; j) = — 
c 

Expression (13) now becomes® 

1C dx 1 VI + X 1 . VI + X — 


1 r dx lVl + » 1, y/l + x — 1 

c •' VI + ® 2c Vl + ^ + 1 

Equations (9) to (13) now give 

/ e-»* Xi/® f aa VI + ^ 

2V^ = e-(va)« ( ) (7 + 1 -I- 

\ 1 4- e-'‘* /I e er** 

(28) 

aa VI + e-®' — 1 

— log ■ — — ; 

2e VI + 

For t <= aa , Nt=^ «a/c , which again checks with equation (6) 
for this case. 

Again using equations (18) we find: 

A—N aa aa A—N ■\/~3N'‘—N 

Nx = C + — + log . (29) 

VAN c 2o ■\^AN y/AN + N 

Expanding 

^/l[N — N 1+vW^ 

log - c=_log — — 

V^ + N 1—vWS. 

we find 

Nx = C “L ^ ~ - -VWA )[yW^ + “ y/WlSF 


V3F c L' 
I+-VWA* + •..)]= (7 


A — 2(N'/A)’ 


' 5'' ' ' V-3F c “ 4i®_i * 

Hence, in order to have ^ 1=^=0 for W =p 0 , we must have C = 0 and 


equation (28) becomes 


lA-f^ y/Air—N\ 

1 + ' 77 " log — — 

2>/3N VA^+^^^ 
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I 

Expansion (80) consists again of only positive terms, hence for 0 < 

< A , dNi/dN > 0 and dWi/dN-* > 0 and the curve is again convex 
downward. 

For 


dN-i 2aa 2aa 
}f=0 — = 

’ dN ZAe 3b ' 


(32) 


Case S. a = 2b ; bi = b ; Cl = “ c. Then 

2 

. b 3 1 

A = —, Z? = b = b,; k = — -; P = — (33) 
c 2 2 

Expression (13) now becomes’ 

1 r dx 2 yi + ® 4 yi + ® 

— =z= rr-. (34) 

ej iB'/’y! + X 3c a:®''* Sc y/x 

similar way as before we now obtain, putting C = 4aa/3c , 




r A—N/ 

lA—N Y 

1 + 2 ( 


L N V 

N \ 


The expansion of the expression in brackets is 
N 11 1-13 N'^ 


. /2A 


‘X- 


2A 24 A^ 246 A’ 


< 


11 > 


(1.1 

113' 

)t + I 

(113 

11.3 6 

4 , 

/ A ’ 

X 4 ~ 

46 > 

(A’ ' 

( 4-6 

4-68 


(85) 


(36) 


= S 




I-IS--. (2i — 3) 3 

46. .-24 2i+2 


{N/A}*. 


Hence, with the above choice of C , = 0 for N = 0 and again 
dN-i/dN > 0 and d’Ni/diV* > 0 . That — 2ao/c for N = Ais seen 
directly from equation (35). 

We now shall drop the restriction made in obtaining equation 
(6) from the first equatio^i (4), namely, the neglecting of in 
equations (4). Instead of expression (6) we then have 

^ S= + Ck'Nt - (bi' + CiN) hTi. (37) 

Equatioh (^7) reduces to (6) if we put 


(^ 38 ) 
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The only difference between the new case and the previously studied 
ones is that now 6i may be zero or negative, whereas hitherto it has 
always been positive. To see whether this leads to any different re- 
sults, we shall investigate equation (6) for the case 


bi = 0; Ci = ^c; a = 26; & = — 2?= — ^. 

Expression (13) now becomes 


1 (' dx 2 11 + x 

c ajvvTTi ’ 


and we finally obtain 



For N = 0 


(39) 

(40) 


(41) 


N^-C + 


2aa 

c 


Hence, if for 27 = 0 , = 0 , we must have C~ — Zojdu/c , and equa- 
tion (41) becomes 


2aa 

N^<= 

c 



(42) 


For 27 = A , iVi = 2aa/c . 
We also have 


dN^ aa 

= >0 

dN oVAiA — tf) 

d^Nt Aad ^ 

dN‘ 2c[^(i4 — N)]»/* ^ 


for 

for 


0<N<A. 

0<N<A. 


We also see that dNt/dN = oo for N~ A. 

Although we have thus far studied only special cases, we have 
considered a sufficiently wide range for the constants so that we may 
have a general idea of the variation of Ifi with N , The essential 
feature is that first increases linearly with No . However, for val- 
ues of 27 in the neighborhood of 4/2 , 27a increases much more rapid- 
ly, and near N = A the rate of increase becomes still more rapid, 

A variation of the ratio 27,/i7 will occur also in an indefiniMy 
increasing population, with differential death ratio. If <*27 is the birth 
rate and bN the death rate for the whole population, we have , 
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— ~ia-b)N; N = Noe^'^‘>^*; a>b. 
dt 


( 43 ) 


Assuming again Ni « N , let us assume 


dNt 

dt 


= axiN — biNi . 


(44) 


Again denoting by C a (constant of integration, we have from expres- 
sions (48) and (44) 


2V, = {C -I- aaNo dt) = 


C e-‘>* + ■ 


aaNt 


0 ) — & -f- bi 


9(a*'b) i 


(45) 


With increasing t the ratio of NJN tends, because of expressions 
(48), to 


/ Na \ _ aa 

\ N /„~a — b-f-bt* 


(46) 


If bj, < b , that ratio is greater than a , the ratio of birth rates of ac- 
tives and passives. 

A different mechanism, which will produce an increase in the 
ratio of active to passive individuals with increasing N , is suggested 
by the following considerations. 

The active individual is more likely to possess some relatively 
less frequent characteristics than a passive one. It is likely, contrary 
to the assumption made in chapter xiv, that the fraction of indi- 
viduals bom to active parents is much larger than the fraction bora 
to either passive parents or to one active and one passive parent. 

In the early stages of history of a country, when the population 
density is very small and means of communications are primitive, 
the density of active individuals will be almost zero. The dhances of 
one active individual meeting another one would be rather small, and 
a large percentage of intermarriages will be between an active and 
a passive individual. With increasing population density the relative 
incjidence of active-active intermarriages will increase, and this "will 
increase the relative birth rate^of actives. It is of interest to formu- 
late the above hypothesis in a matiiematical form and study its quan- 
titative consequences. 
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CHAPTER XVII 


SOME CONSEQUENCES AND POSSIBLE APPLICATIONS OF 
THE FOREGOING. INTERACTION OF NATIONS 


The investigations of the last chapter make it plausible that 
with the growth of the total population of a nation, the ratio of the 
total number of various active individuals to the totel population in- 
creases. We should therefore exptxst, in general, that for the two dif- 
ferent nations this ratio Ni/N will be larger for the nation with 
a larger population density 6 . Since the ratio Ni/N depends not only 
on the dynamics of the population growth, but also on the initial con- , 
ditions, therefore we cannot expect Ni/N to be merely a function of 
d , It will also be a function of Uiose initial conditions and of time. 
Further mathematical studies may eventually reveal the nature of 
the functional relations to be expected. 

To illustrate what such studies may give us, let us consider an 
entirely abstract case, namely, that N-,/N is a function of <5 only. 
Assuming for simplicity that within a limited range of 5 we have 


El 

N 


OC 


d. 


( 1 ) 


let us see what applications could be made of such a relation if it 
actually existed. 


I 

Let the active class be composed principally of two types of in- 
dividuals: the military and the industrial. Let their corresponding 
numbers be Xo and yo . Thus 


a!o + 1/6 = Ni . 


From expression (1) we have 


+ Vij 
. ^ 


~ad, 


( 2 ) 

(3) 


where a is a factor of proportionality. 

On the other hand, we may consider that the greater the ratio 
Vt/N , the greater the ability to produce goods. For two nations 
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with the same y^/N the one which has more natural resources per 
capita will produce more goods per capita. Let us put again, as in. 
chapter v, approximately the total amount of natural resources as pro- 
portional to the area S . The per capita amount of resources is then 
S/N . The per capita production per unit amount of S/N is there- 
fore proportional to y^/N . Hence, denoting by i the per capita pro- 
duction and by h and c two other coefficients, we have 


or, putting 


ya = gi6N . 

(6) 

Equations (3) and (6) give: 


Xo A~i 

Vo i 

where 

(7) 

a 

A=-. 

(8) 


9 ' 


The ratio iCo/a/o , which determines the composition of the total ^ 
active class, affects a number of relations in the social group. The 
greater Xo/Va , the more, for instance, wiill the military activities pre- 
vail over the peaceful industrial activities. We should in general ex- 
pect that the larger x^/y ^ , the larger fraction of the total income of 
a nation would be spent fdr military purposes. If there is a nation 
for which a!o/Vo — 0 , then for that nation equation (7) gives: 

(9) 

Eolation (9) will hold approximately even wh^ is not 
aero, but very small. With this degree of approxiination we may con- 
sider that in the pre-war United States Xa/Va was very small, and put 
A equal to the yearly per capita income in the United States before 
the war, ' 

The greater afo/j/# , the greater in general will be the fraction 
of the total national income which is spent for war purposes in 
time of peace. 

While only further theoretical studies could establish a^relation 
between ajo/jfo the fraction ^ , yet a general property of~ that re- 
lation can be deduced a(t onch Sihep /«» < 1 , iherefore the curve rep- 


l/o 


hS/N N’ 


b c 


= 9, 


(4) 

(5) 
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resenting as a function of aJo/i/o should increase monotonically, but 
tend asymptotically to 1 , It must tiierei'ore be convex upward. 

It may be seen on general principles that the relation between /i«, 
and Xo/Ua must also contain i as a parameter. The greater i , the larg- 
er percentage may be taken aivay from a person’s income, still 
leaving him enough for his needs. However, even for infinite i , //» 
will probably remain substantially less than one. 

Within a range of small values of we may expect that (in will 
vary as some power p of t , with p < 1 , and approximately linearly 
with Xo/Vn . Hence, approximately: 

t 

(l„ cc i" aco/j/n , (10) 

or, combining this with equation (7) : 

(i„ = BP-^ (A — i), (11) 

B being a coelhcient. Figure 1 shows the comparison of equation 



1— Japan; 2— Rnssja; 0 — ^Canada; 4 — Switzerland; 5 — Norway; 6 — Finland. 


(11) With available data’ for approximately 1929, with 5=0-063, 
A — 640 dollars per person per year and p == 1/2 . 

Great Britain and France have not been included in this illus- 
tration for the same reason as in the discussion on page 63 of chap- 
ter vi, namely, because the presence of large colonies requires a change 
in the method of calculations. 

Equation (6) may also be subjected to a test in the following 
manner. The number I of discoveries and inventions in a country 
for a given period are approximately proportional to Po . Hence 

I = Ci5N, (12) 

C beihg a constant, A comparison of equation (12) with available 
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data is shown on Figure 2. The data for I are taken from Sorokin® , 
and refer approximately to the end of the 19th Century. 



1 — United States; 2 — Germany; 3 — ^Russia; 4 — Switzerland; B — Prance; 6 
■England. 


If we compute from equation (12) the values of 1 for France and 
England, we find a correct value for the former, but a much too low 
value for the latter. This probably is due, as in chapter v, page 6S, 
to the neglect of the effect of the colonies. The too low value for Eng- 
land is to be expected ; the correct value for France may be accidental. 

As ha4 been emphasized frequently on previous occasions, in such 
cases we should not put too much weight upon the agreement between 
theory and observations. The theory in the present form is too crude 
and available data both scarce and inaccurate. In general one would 
expect aio/yo to be determined by many other factors besides i . Ex- 
pression (7) owes its simplicity principally to the simplifying as- 
sumption (1), as well as to the simplifying assumption that the 
amount E of natural resources is proportional to S . If instead of ex- 
pressions (1) and (3) we put generally 


!Cb + Vd 

N 




and instead of equation (4) put 

Vo 

=c — , 

hE N 

we obtain instead of equation (7) the expression 

iTo bof{d}E-^iN 

_c=_ ^ 

which for /(d) S , reduces to (7). 
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We may here make a slight improvement in the argument used 
in chapter vii, page 68. We assumed there the quantity a to be very 
small, so as to make equation (13) of chapter vii contain only two 
variables, Xo/Vo and . We shall now eliminate Vt from equation (13) 
of chapter vii by means of equation (3) of the present chapter. Since 
aJo + Va « N , we may put 

N = N'i Xo + y,= Y'N'\ (13) 

where y' is a constant. 

We may consider here as a theoretical possibility that y' is ap- 
proximately the same for different social groups. Still more in line 
with the fundamental assumptions would be to consider that 


Xa + yo 

N' 


= y8, 


(14) 


where y is again a constant, while S = N’/S is the density of popula- 
tion. 

Solving equation (13) of chapter vii and (14) of the present 
chapter for Xo and Vo , we find 

__ Co* (IH- e«) yN'd -aN' ^ My + a) N' 

ao* + Co*(l + 0 ’ a„* + Co*(l + e»,)’ 

or 

Xo _ Co*yd — a Co*yd 

~~ — • — " ' Sfo , 

Vo o^*yS + ct cto’yd + x 

which is again of the form of equation (16) of chapter vii. Hence 
the results obtained from that equation need not be based on the as- 
sumption that a is very small. The different assumption used here 
may be substituted for it. 

We may also consider that 


(15) 

(16) 


Xo'^Vo „ , „ 

— — — = Const = y " . (17) 

This leads to an expression similar to (16) . All we have to do is to 
substitute in (16) y" for yd . 

Another approximate expression, used in chapter vii, does 
change, however, with the new assumptions. We refer to expression 
(14) and its approximation (19) . 

Introducing into (14) of chapter vii the expression (15) of this 
chapter for yo , we find 
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y, ^ Uco*(i -f c,) -Co*(l f Wby -l-g) 
Xi. + y~ ac„* (OoMy t- a)ei — 2aao* — 2aCo*(i + f„,) ’ 
which is of the form 


2/i Cm 

•C) ^ 2/i 


( 18 ) 

(19) 


II 

We shall now briefly outline a method of generalizing the above 
considerations to countries with large colonies. Putting 



we have, from equations (4) and (5) : 

gN' 


( 20 ) 


( 21 ) 


For a constant Q the per capita production is proportional to S . Let 
the country have a colony with a population iV' and area S', at an 
average distance r' from the metropolitan country. Lot N denote the 
population of the metropolitan country only. Consider approximately 
that the population iV' does not share in the income of the metropolitan 
country. In other words, i remains the per capita income of the met- 
ropolitan country only. Then this income i would be 


^ S + S’ 
g N ’ 


( 22 ) 


Jess an amount proportional to the cost of work necessary to trans- 
port the natural resources of the colony to the metropolitan country, 
and less the amount necessary to give a minimum life subsistance 
to the population of the colony. The first term is proportional to 
r'8'/N ; the second, to N ' . Hence, denoting by fc and ¥ two co- 
efficients, 


its: 


^( 8 + S ' 
g\ N 




(28) 


or 


. ^S + S'(.l~-hy)'-kNN' 

f r* . . I... ^ - 

g N 


(24) 


Equation (24) bectsoias of lita ^ame form as equation (21) if we in- 
tiroduce tiiq conc^of area” § given by 
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S = S + S'a~kr')~kNN\ 
The "effective density" of the population is 



(25) 

(26) 


More generally, for any number of colonies, we have, denoting by 5*’* 
the area of the ?th colony, by its population, and by r'"' its dis- 
tance from the metropolitan country: 


5 + 2 S<‘> (1 — &">r<‘>) —kn^ AT*" 
j= — : ^ — . (27) 

If we assume the constants k and k’ to be the same for all countries, 
we may determine them in the following way. 

If we know the values o[ i , 8 and N for countries without col- 
onies, we may determine the constant C in equation (12), For a 
country with colonics we have 


/ = cm . (28) 

Knowing I , we can determine 8 . From any two countries with col- 
onies wo may then determine k and k' from equation (27). 

These considerations again are more of a methodological than of 
a "practical” interest. 


Ill 

The discussions of the first section suggest a possible com- 
parison of different countries with respect to their importance and 
influence in international relations. We can roughly estimate the 
relative sizes of the active groups for different countries by using the 
relation (3). 

While within the same country two or more active groups may 
dispute domination over the passive population, in a collection of 
countries the dominating active groups of every country will try to 
impose their preferred type of behavior on the other countries. Even 
while following opposite tendencies in their own country, the active 
groups will in general have a common interest in the control of an- 
other country. The military group may do it out of its natural de- 
Ejire for domination, the Industrial group may have considerations of 
more economic character. Thus neither purely military nor purely 
economic factors^ but their combination, would come into play in in- 
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ternational relations. The relative importance of either of the two 
factors will be determined by the composition of the active classes, 
that is, by the ratio aro/<a;o + 2/0), or, if besides Xo and 2/0 there is also 
a group 20 (chapter xxi), then by a;o/(!Co + i/o + 2o) and yo/(®o + 

2/0 + 2 o). 

We may thus consider the interrelations between diiferent coun- 
tries as a more general case of interaction of active classes. We would 
therefore expect in general a country to be the more influential in 
international affairs, the larger its *0 + 1 / 0 , a quantity which again 
we shall denote by 

Nt=Xo + (29) 

One might ai’gue that the total “influence” of a country in inter- 
national relations should be proportional not to Ni , but to 

aW’ 

N,N=a3N^ = —, (30) 

s 

since a given active group Ni has the more power to control other 
groups, the larger the total number N of people at its command. 

We may also take the view that the greater the population den- 
sity K)f a country, the smaller its per capita resources and the strong- 
er its tendency to expand. 

It is interesting to follow the variations of the index N’^/S with 
respect to time for different nations. The results are shown very 
roughly" in Figure 3, which i.s rather suggestive. From the end of 
the middle ages up to about the 19th Century, France had the largest 
strength and was the predominant country, The 19th Century wit- 
nessed a rapid increase of the strength of Great Britain. By the sec- 
ond half of the 19th Century Great Britain became definitely pre- 
dominant over France. Prussia began to be noticeable late in the 
18th Century, catching up with France very rapidly and approxi- 
mately equalling the latter by 1873, From then on we have to con- 
sider Germany as an entity, dominated however by Prussia whose 
value of N®/5 exceeds that of the rest of Germany. Russia entered 
the international arena rather late. During the Seven Years’ War at 
the end of the 18th Century it was stronger than Prussia. 

We do not suggest that the outcome of a war is determined by 
the above considerations. Such an outcome is determined by many 
other factors, to be discussed in tiie last two chapters. It is possible 
that the ratio of the quantities P “= N^/S for two countries determines 
the pro1>aHUty of the outcome. One might try to develop a relation 
between this probabiliiy and the ratio Pa/Pa for twb countries. In 
this fashion one could perhaps arrive at an expression which would 
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Figures 

Ordinates on logarithmic scale. Explanation in text. 

give us the percentage of wars lost by a given country during a given, 
period to another country. This could be readily compared with avail- 
able data. 

It must be emphasized that the above does not constitute a the- 
ory, nor even a suggestion of a theory, of international history. It 
merely illustrates what could be obtained with appropriate quantita- 
tive indices. 

Among other factors which determine the outcome of an inter- 
national conflict is the rather elusive and vague “feeling of national 
unity.” On the basis of the above consideration, a quantitative mean- 
ing may be given to this concept. 

The “feeling of national unity” will be the stronger, the larger 
the relative number of active individuals who advocate that unity. If 
this relative number increases wife time, full national unity will be 
reached after a threshold is exceeded. The greater fee injtlid 
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ratio NJN , the smaller will bo the population density for which N^/N 
will exceed the threshold, and, ceieris ‘pwribus, the stronger will be 
the national unity of the nation. We may therefore take as a measure 
of national unity the inverse of the population density of a country 
at the period when it begins its cxisWee as a nation. Data of that 
type are very meager but are available for some countries’. 
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CHAPTER XVIII 


ON THE CHANGE IN DEGREE OF ORGANIZATION OF 
SOCIETY WITH TIME 

In chapter xvi we discussed the variation with respect to time 
of the ratio Ni/N of the number of actives to the total number of in- 
dividuals in a society. As has been seen previously, in order for the 
actives to control the behavior of society, this ratio must exceed a cer- 
tain threshold value (chapter iii). We actually considered hitherto 
the competition for control between the opposing active groups. But 
those results apply also to the case where there is only one active 
group. 

We have considei’ed hitherto essentially two different cases: that 
in which the efforts are constant, and that in which they are func- 
tions of achieved success. In the first instance we find that an active 
group of Xo individuals imposes its behavior on all the passive popula- 
tion if, in previous notations, 

C6 Cn Clf 

+ ( 1 ) 
tto + a Co + a 

In particular we may consider that yo = 0 , in which case, putting 
Xa~Ni, inequality (1) reduces to 


Nt>—^N. ( 2 > 

flo "h O' 

In this case behavior B is anything which is not behavior A , and 
which the passive population may do in the absence of any influence 
of the group Xa . Behavior A may stand for organized behavior, B 
for disorganized behavior. Equation (2) indicates that in order 
for an active group to control completely the behavior of the popu- 
lation, Ni/N must exceed the threshold 


If inequality (2) is not satisfied, the whole society may exhibit either 
behavlpr A or B . If (2) is satisfied, it exhibits A . 

For the case of efforts depending on the achieved success, we 
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have a similar situation. In general in this case a part of the society, 
consisting of x individuals, exhibits behavior A , another part, con- 
sisting ot y individuals, exhibits behavior B . For this to happen, 
however, inequalities (27) and (28) of chapter iii must be satisfied. 
For yo~0,Xo = Ns, these inequalities reduce correspondingly to 


and 


Ni> 


a 

tto* +• a. 


N, 


N^> 


2 a 

aB*e' 


(4) 

(5) 


If neither inequality (4) nor (6) is satisfied, society may again ex- 
hibit either all behavior A or all behavior B . If inequality (4) is 
satisfied but (5) is not, we have all behavior A ; if (4) is not satis- 
fied but (5) is, we have all behavior B . With both (4) and (6) sat- 
isfied, we find that x > N . Since physically x cannot exceed N , this 
means that actually x will be equal to N . Hence, if 'j/o = 0 , the essen- 
tial condition for full conti’ol is inequality (4), and Ni/N must ex- 
ceed the threshold 


Consider case 1 of chapter xvi. From equations (22) and (8) of 
that chapter we easily find that the value Ni/N tends to a , when N 
tends to zero. On the other hand, when N has practically reached its 
asymptotic value N„ = A (page 13S), we may substitute that value 
for N in equation (6) of chapter xvi. We then find that Ni tends 
asymptotically, for case 1, to 2«N«. Hence, for case 1 of chapter xvi, 
we have 



(7) 


By a similar reasoning, we find from equations (30), (6), and 
(8) of chapter xvi, for case 2, 



( 8 ) 


Denoting by h the threshold which N^/N must exceed in order to 
make the full control by the actives possible, we have a society organ- 
ized from its very beginning if 
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If 



<h< 



( 10 ) 


then the society will be disorganized until the time t* , which is given 
by the root of the equation 


Nit) 




( 11 ) 


where for N^it) and N(t) we sulMtitute the corresponding expres- 
sions from chapter xvi. 

If 



( 12 ) 


the society will never be organized. 

We may consider the case, where the general birth and death 
rate coefficients a , b and c depend on whether or not the actives con- 
trol the behavior of the society. Thus, under the control of the actives, 
a may increase, while b and c decrease. In that case sometime after 
the moment f , a sudden increase in the rate of growth of N will occur, 
and the variation of Ni/N will now follow a different equation. If 
b and o become equal to 6i and e, , then N^/N may remain constant. 
It is perhaps possible that Ni/N will even decrease, resulting even- 
tually in a loss of control and an increased b and o . Thus periodical 
fluctuations of organization of a society may be possible. 

Let there now be two active groups, composed of and Nt in- 
dividuals, correspondingly, and Ns passive individuals, so that N^ + 
Na + Ns = N . Again let Ni « N , N, < < N , so that we shall have 


^=aiaN-(6x + c.N)Ni; 

dt 

— = a,aN — (6a + CaN) N*. 


(13) 


Suppose that 6i ^ 6 ; Ci < c , but that 6* = 6 , Ca = c . By an argument 
similar to the one which leads to the second expression (7), we now 
find idiat Ni/N Will tend to the value 


[ N /» bx + o,N»“" 


a 


6i 4- (a— 67 (ei/c) 


0(i = (ti» > <*1. 


(U) 


The last inequaliiy (14) can be seen to hold in the following way J 
If it were not true, then 6i -f (a — 6) Oi/o ^ a . Since 6i ^ b , there- 
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fore « fortiori 6 + (« — 6)Cj/e S a. 


This gives h 



S a 



, which IS impossible if a > 6 and Ci > 0. 


On tlxe other hand, if iVa = 0 for iV = 0 , tlien N^/N will always be 
equal to , as is readily seen from inspection of the second equation 
(13) and of equation (2) of chapter xvi. If Ni — UiN, then the sec- 
ond equation (13) is automatically satisfied if equation (2) of chap- 
ter xvi holds. 

Let the effect of group Ni be such that when it controls the be- 
havior of society, this reduces b and c , and therefore also bj and Ca , 
to and Ci . This will happen when that class, N, , consists of scien- 
tists, etc. For the control of the society by class I we must have [c.f. 
inequality (1)] ' 


or 


Ni > hiN -t KNa , 
— >^ + A*-— , 


(15) 


while for the control by class II we naust have 

+ or + (16) 

N N 


where hi> ha, Ih' and A/ are constants. 
Let 


Further, let 



but 


da ^ hi “I" ha 5 and ccz ^ hi -f* ha di^ 

otioQ ^ "h A2Q2 • 


(17) 

(18) 
(19) 


In that case, while N is small and Na/N is close to Oio , class 11 will 
be the controlling one, because inequality (16) will hold. As N in- 
creases, however, Nj/N increases to ai» > ow , while Na/N remains 
constant Hence at some time ti inequalities (16) will begin to hold. 
At ^ + r* the constants b and c will become equal to bi and <h 

respectively and NJN will begin to decreasOi tending to < Oa* . 
Therefore, because of inequaliti^ (18), at some moment t , in- 
equality (16) will again begin to hold, and the control passes to class 
JJ again. At 4 + , a andh will regain their initial valpep, Na/U again 
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increases toward ai« , and eventually equation (16) again begins to 
hold at t = ti'. Thus we have fluctuations of control. The times ti , 
ti , ti , etc. are readily obtained for any of the cases studied before 
by adjusting the integration constant each time, so that, for instance, 
Sit t — , Ni/N ~ hi + hnUi , etc. The fluctuations in general will not 

be periodical, the intervals ti ~ <i , ii' — ~ fii' not being equal. 

As an example we may identify behavior /with Sorokin’s "sensate,”// 
with his "ideational,” behavior^. For efforts varjdng with success, 
transitory "idealistic” stages will be obtained. 


REFERENCES 

1. P. Soiokm, Somal and Cidtnral Dynemicj, New York: American Book Co , 
1937. 



CHAPTER XIX 


GENERAL MATHEMATICAL THEORY OF INDIVIDUALISTIC 
AND COLLECTIVISTIC SOCIETIES 

In chapter vi we applied the concept of satisfaction to the 
interaction of classes. The same concept may be applied to the inter- 
action of two or more individuals. In all such cases of interaction, 
determined by max im izi ng the satisfaction function, there are fun- 
damentally two different possibilities. Either each individual behaves 
so as to maximize his own satisfaction, or else he tries to maximize 
the sum total of satisfactions of all individuals. We may call the first 
type of behavior "egoistic” or "individualistic”; the second, “al- 
truistic” or "collectivistic.” It may be asked whether the assumption 
of the two different behaviors leads to different results, and, if so, 
under what conditions. The probi®fn is in some respects similar to tho 
problem of cooperation and competition in mathematical economics.'^ 
It is more general, however. 

It is generally admitted that our present society is based on in- 
dividualistic behavior. J. Rueff* considers the "collectivistic” beha- 
vior as comparable to non-euclidean geometries in mathematics. The 
two types of behavior may be equally real psychologically, however, 
just as non-euclidean geometry became real in modern physics. Our 
problem is to study both first in abstraeto. Later on it may be pos- 
sible to apply the mathematical conclusions to actual cases. 

A "collectivistic” behavior, fundamentally, puts the “society as a 
whole” above the individual. The connection between “collectivistic” 
principle and various systems of socialism, government control, etc. 
is apparent. Mathematical studies of different Aspects of “individual- 
istic” and “collectivistic” bdiaviors may throw some light upon the 
contemporary trends in social changes. 

We shall first investigate Ihe interaction of two individuals, and 
then generalize the results to the case of N individuals. 

I 

Let an, individual perform an amount of work y , producing an 
amount of goodja x — <iof* Let the satisfaction function S with re- 

154 
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spect to a: be of the form A log aa: . We shall assume that S decreases 
linearly with increasing y . This amounts to assuming that work is 
always unpleasant. Actually, the valuation of S with y is more likely 
to be such that it first increases to a positive maximum , then de- 
creases, becoming negative. Such an assumption would complicate 
our calculations. The more restrictive assumption, made here, is not 
likely to introduce serious limitations. We thus have 

S = A\osax — Byt ( 1 ) 

where A and B are constants. Because of a: = a^/ , we have 

S = A\ozaay — By. (2) 

This has a maximum for 

V = A/B. (3) 

If the individual tries to increase his satisfaction function to a maxi- 
mum, he will perform the amount y = A/B of work, and produce the 
amount x — aA/B of goods. 

Consider two individuals, with satisfaction functions of the same 
form, performing, respectively, the amounts yi and j/a of work, and 
producing the amounts 

aJi = axl/i; (4) 

of goods when working separately. Their satisfaction functions are 

Si = A, loga,®! — Bii/i; . (5) 

Sj = A2loga2a:s — B2Vi . (6) 

When the individuals work on the production of the same goods to- 
gether, their productivity in general increases. The total amount X 
of goods produced will be greater than the sum of OiVi + (kyu . De- 
pending on the nature of the work and on the type of cooperation, 
we shall have different expressions for X. We shall here consider one 
of the simplest possible assumptions, namely, 

X=(h.yi + fhVi + (hViV , . (7) 

For 2 /s = 0 , this reduces to aii/i ; for 2/1 — 0 it reduces to Oai/a . 

The total amount X of goods produced may be distributed in 
different ways between the two individuals. If they apply the prin- 
ciple that a person receives in proportion to the emomt of work he 
does, then the total amount X will be divided between the two indi- 
viduals in the ratio 2/1/2/* . If a person receives in proporlaan to the 
effecUveims of his work, then the total amount X will be divided in 
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the ratio (hyt/a^y ^ . Finally, the division may be made in a fixed ratio, 
independent of the relative amounts of work. This ratio may in par- 
ticular be equal to 1. 

We shall first consider the second case, that of remuneiation in 
proportion to effectiveness of work. The first case is handled in a 
similar way and leads to similar results. 

Denoting: now by Xi and Xa the corresponding share of each indi- 
vidual, so that X = aJi + fljj , we have; 


Xi Oiiyi 

SJi "1” Xa 


( 8 ) 


Because of equation (7) we have Xi + Xa — (hyi + aiy^ + a^y^y ^ ; and 
this, togfether with equation (8) , gives 


ttii/i + o^y, 4- d^yiVa 

Xx = ; ai2/i ; 

1 dil/i "i" C^aVa 


(9) 


Ril/i + a^iVi + aKViVa 

Xi = ; ajja . 

aiy, + aiVi 


( 10 ) 


Introducing those expressions into equations (6) and (6), we obtain: 


Si = Ailog tti 


aii/i + thy^ H- aiyiVi 
(kLVx + XiVa 


O'yyx—Bxyx', 


( 11 ) 


St = At log (Xj 


4* O^ya ~l~ O/ay-iya 
ttiVi 4 - OaVi 


<hVi 


B^yt • 


( 12 ) 


The amount of work which each individual will perform will now 
be determined by his attitude towards the satisfaction function. Two 
possibilities exist. 

1) Each individual tries to maximize his own satisfaction func- 
tion, regardless of the other individual. In this case the values of yi 
and ya are determined from 




9y, 


(13) 


2) Each individual tries to maximize the total satisfaction 
S=^St + Si - In this case yt and y® are determined from ' 



'(ly yre havst 


c=0. 

3y. 


(14) 
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9j/i 

(15) 

^ + ( h !‘( f ^ yi ^ y 2 + + 0102=^2/2° + ^ 

{cbiVi + 021/2) (Oii/i + OiVi + dzVxVi) a^Vi 

and from equation (12) we find a similar expression for dSi/dy^ . 

Introducing expression (15) and a corresponding one for dSa/dy^, 
into equations (13) gives us two cubic equations in and , whose 
solution is impractical. We can, however, investigate the properties 
of the solution without actually solving the equations. 

Put 


dSx 

— = Fi(i/,,2/2) , 

dijx 

(16) 

and consider the curve determined by 


Fi ivx , ^2> = 0 . 

(17) 

If 1/2 = 0 , then, from equation (15), we have 


Fx(yx,0)= — -Bx. 

00 


Vx 


Hence, for 1/2 = 0 , the requirement Fi ( 1 / 1 , 1 / 2 ) =0 leads to 

1 / 1 =^. (19) 

■Dl 

Thus the curve FiiyxiVt) = 0 intersects the 1 / 1 -axis at the point 
given by equation (19) (Figure 1, full line). 
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When ya = 00 , then, from equations (15) and (16), we have 

"I" „ 

FiVi, oo) — Ai- — — - Bi, 

“h ) 3/i 

Putting (i/i , 00 ) = 0 and introducing the notation: 

— — C 


gives 

ttAUal/i® + (atffla* — 2Ciaia2a,)i/i — CiOia/ = 0 . 

Equation (22) has two roots: 

— aiftj* + 2Ci(h<^2<!i‘i + Vui^Oa* + 4(Ciaia2«a)® 


2/i*‘ 


l/i’ 


( 20 ) 

( 21 ) 

( 22 ) 


2aia9a) 

■ "t SOiUiUj®-! '\/ "t 4 ((/xUiajflrg ) ^ 


(23) 


Since Vi > 0 , Vi** < 0 , the second root has no physical meaning, and 
we therefore consider only •yi*. Hence, the curve Fi {yi , y,) =0 is such 
that Vi =3 00 for Vi — Vi*. We have, from the first equation (23) : 


— aids’* + V (UjOg*)* + 4(Ciaiaaaj)“ 

y,*~Ci= >0. 


Hence (ef. Figure 1) ; 


2aiaaaj 

Ci<Vi\ 


(24) 

(25) 


We shall now prove that the curve Fx(yi , ^a) = 0 is monotonic. 
To this end we must establish that dvi/dyi > 0 . We have 


3Ft 

dyt_ dVi 
dVi ?Fi ' 
dVi 


(26) 


The function Fi is given by the right side of equation (15) . The de- 
rivative dFxZ&Vi is of the form Di/V , where D is the square of the 
denominator in equation (15) and is therefore always positive. The 
derivative dF%/dyg is of the form D^/D . Evaluating Di and Da , we 
find after labotious but elementary calculation that Di consists of a 
sum of caily ne^tive tem^i, while Da consists of a sum of positive 
teems. Eepce, Z?i < 0 , JDa > 0 . Therefore 9Fj,/0y* < 0; dFt/dVx > 0 . 
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Henie, from equation (26) it follows that dyt/dVi > 0 . 

By similar reasoning we determine the general properties of the 
curve dS^/dy 2 = FziVxjyi) — 0 (Figure 1, broken line). The two 
curves intersect at only one point, Oi . The coordinates y^. and of 
Oi represent the solution of the system (13) . 

Now let us investigate case 2, which leads to equations (14) . 
From equations (9) and (10) we have: 


dxx _ ^ ^ 

3l/s {cbiVi + (hVi ) " 

Hence 

SSl ^ ^ ^ 

0J/2 ai^i ZVi 

Equations (14) may be written: 


0a:2 __ 

dVi (ai3/i + aay,)=‘ 

0 S 2 At 0*2 

= > 0 . 

dVi aja:2 02/i 


0(Si dSt 

1 = 0 ; 

3?/i 3yi 


0Si 0S2 

+ = 0 . 

32/2 01/2 


(27) 

(28) 


(29) 


Since [equation (28) ] ZSi/dVi > 0 , therefore ZS/Zyi > 0 at all points 
of the full curve of Figure 1. Since for sufficiently large values of Vi , 
ZSi/Zyx tends to zero, as seen from equations (27) and (28), while 
dSi/ZVx tends to a negative constant, therefore the locus of the maxima 
of S will be to the right of the full line (alternating line) . By a similar 
argument we prove that the locus of ZS/Zyt = 0 is given by the dotted 
line of Figure 1. The values of Vx and 2/2 , which correspond to a maxi- 
mum of S = Si + 5'2 , are now given by the point O2 . Hence, in this 
case 1/1 and 3/2 , and therefore Xt and Xt , are greater than in the previ- 
ous case. 

That the line ZS/dVx = 0 intersects the 1/1-axis at the point Ct is 
shown by the following considerations. 


Put 

dS 

■r—=Uxiyx,Vi) —FtiVxxVs) +Vx{yx,y,) ; 

Si/i 

(30) 

i 

zs 

— - = Ui (1/1 ,yt) = Ft iVx,y 2 ) + Vt {Vx , 3/a) 5 

31/2 

(31) 

where 



, 0Sa ^ , ZSi 

Vx (2/1, 3/2) — — ; Ka iVx , 3/a) 

9^1 Zy^ 

(32) 


Prom equation (12) we have: 
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=A* 


(.a,Vi + OiVi) (diVi - 1 - <hyi + <hViVt) ' 


( 33 ) 


For ?/a = 0 , Fi (=: 0 ; showing that the curves Ui = 0 and Fi = 0 in- 
tersect the j/i-axis at the same point. 

Similarly, we prove that the broken and dotted lines of Figure 1 
intersect the t/a-axis at the same point, Cj = As/B® . 

Now we proceed to the discussion of the case where the total 
amount + x^ of goods is divided in a fixed ratio, so that 


»i = j8(a;i + Xi) ; 

flJa — (1 ^) (fl/i “i" flJa) . 

Prom equations (34) and (7) it follows that: 

sh—fi(<hyr + oji/j + flai/iys) ; 


iCa = (1 — jS) (fflia/i + ttal/a + CtsViVi) . 
Fi’om equations (5), (6) and (35), we now obtain: 


3S. 


3l/i 

3Ba 


’■FiiVuVa) =Ax 


tti + (hVi 


^ ■Fi(3/i,ya) s=Aa 

3yi j (h.yi + Oai/a + ihyiVi 

The requirement Fx iVi , i/a) =0 gives 

ax^Vx — Cx) 

yi~-z — . 

CiCtg “• ““ I 

When yx = Cx, then = 0 ; while when 


(hVi + <hVx + atV^Vi 
(h + 


Bx\ 


> 0 . 


yx=^y*- 


Cx^^ ' ®2 


Cx--, 


then ya — 00 . 

From equation (89) it follows that 


yx*<Cx. 


(34) 

(36) 

(36) 

(37) 

(38) 

(39) 

(40) 


Hence, the curve Ft(yi , y*) ^ 0 is such as shown in Figure 2 by the 
full line. 

Fxjiiressidn (37) diows that 3Ba/3yi > 0 , Similarly, we find that 
3Si/3ys > 0 . Therefore^ as in the preceding case, we find that the 
curve 3B/0yx ?= 0 will be to the right of the curve dSx/dVx 0 (Figure 
2, alteniatj^g line) > while the i^nrve SS/Sy, = 0 will be above the curve 
^Si/dva 1 = 0‘:7|)t0ai^%aspimi2iing,B , rather than Si andl St separat^y, 
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results again in an increase of 


\ 

Vt and Vi , and therefore of Xi and Xa - 



Consider 


ds 

— =Ui(]/i,y,)=Fi(Pt.y^) +VAyi,ya). (41) 

ot/i 

It must be remembered that the functions and 

Vi(yi , Vi) are different in the present case, which corresponds to a 
division of goods in a fixed ratio, from what are in the case which 
corresponds to a division in proportion to the efforts. We have from 
equations (36) and (37): 


U^={A,+A,) 


<h + OaJ/s 


Put 


ctij/i + a-aVt + a^y^Vi 


■Bi. 




Equation !7i(i/i ,Va) =0 now gives 

— Cl') 


J/i = 


Cl Xg fla XisPi 

When 3/8 = 0, then, because of (43), j/i = Ci’ > C; wten 


(42) 

(43) 


(44) 


yi=3/« = Ci'-~<Ci', (46) 

( 1 $ 

then 2/8 = oo. 

Denote by 2/oi the value of 2/1 fox' which a/a of the curve Ui (y ^ , a/a) 
!= 0 in Figure 1 (alternating line) becomes infinite.. The value of a/« is 
given by the equation obtained by taking the sum of the right sides 
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of equations (16) and (33), setting there y^ — eo, and equating the 
result to zero. This gives a cubic equation in yi: 




aj + 2(haiifi 
(flta^ "h o^(wyi)yi 


Bi + As 




+ Oaftil/i 


■ = 0 . 


(46) 


Equation (46) has at least one positive root because for 2/1 — 0 the 
left side is equal to + 00 , while for 2/1 = 00 , the left side is negative. 
But 


02 * + 0 * 01^2 ( 02 =“ + diOaVi ) Vi 


(47) 


Hence, for the value ^oi of , which satisfies equation (46) , we have: 


{A, + A,) 


Bi<0. 


(48) 


02 ^ 4 “ cifiOf^yoi 

Since inequality (48) holds also when Voi tends to infinity, there- 
foie the value which satisfies 


(Ai + A 2 ) 


■Bx = 0 


IS less than 2/01 < 

Because of equation (43), equation (49) becomes: 

Oi OjUj “ O 2 ® ”■ 0 • 

Hence, because of equation (43), 

Og Ai Ch 

l/ox' = C2'-- = C2 + -^--. 

di B I dji 

Therefore 

^ .A* Og 

yoi>Ci + -~ . 

The first equation (23) gives 


Equations (46) and (43) give 




+ Cl > Cl. 


- ^ 

Vvi — Cl + *“ 

Bi (h 


(49) 

(50) 

(51) 

(52) 

(53) 

(64) 


Erom equations (52), (64), and (89) we find j 

Vn > Vn > «i’. (56) 

Nothing can be said as to wheliier 3 / 1 * lies between j/oi and ioi nr 
jbbfesreen and ili* • AU that can be said is that Vot > Vi* > 
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The net result is that whether we divide the products in propor- 
tion to the elFectiveness of the work or m a fixed ratio, maxi mi zing 
of the total S results in a greater total productivity than maximizing 
of the individual values of Si and St . Inequalities (55) show that the 
best result is obtained for the case of a division of the products in 
proportion to the effectiveness of the work. 

It is important to point out that the point Oj in Figure 1 corre- 
sponds not only to a greater value of S , but that the values of Si and 
Si at that point are also greater than at O, , because both Si and St are 
positive. This may at first seem paradoxical, the point 0 being deter- 
mined by maximizing Si and Sj separately. Figure 3 explains this 



paradox. In this figure the lines of intersection of the Si surface with 
different planes ya — Const, are shown. All maxima lie along the line 
P, given by Fi (yi , j/a) = 0 . In trying to maximize his oiun Si , regard- 
less of the other individual, the first one will always remain on the 
line P, on which Oi is also located. Although the point Oa is off the 
locus of the maxima of Si with respect to Vi , yet Si(Oa) > SiiOi). 
Thus by trying to maximize his own Si and Si , eadh individual ac- 
tually has a smaller value of Si or St than if they both try to maxi- 
mize S • 


n 

All the above arguments may be generalized to the case of any 
number N of individuals. Denote by the index i the quantities re- 
ferring to the ith individual. Instead of equations (9) and (10) we 
now we shall have 
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2 2 bkiVicVi V 

k i \ 

— ) a,y,. ( 66 ) 

2 O'kVk J 

k ' 

For the *th individual we have 

Si — A, Ioga,a:, — S«j/, . (57) 

When the total number N of individuals is very large, then the deriva- 
tive of 2 and of 2 2 bkiUkVi with respect to any one v* is very 

k k I 

small, if those sums themselves remain finite. When N becomes very 
large, then we may replace the sums with integrals. Instead of a dis- 
continuous index i we introduce a continuous parameter X . Denoting 
by N(X)dX the number of individuals whose X is between X and X + dX; 
introducing instead of the a,’s , a function a(X) ; and instead of b^'s , 
a function b (A , 1') , we have 

2av2fe= rN(l)aa)2/(l)ca; (68) 

» •'0 


2 (‘‘kVk + 22 bkiVicVi 

h k 1 


Xi' 


^o*Vk 

k 


■ a.y. = 1 n 


r rN(X)N(X')b(X,X')i/(X)t/(X')dXdX'. (59) 

k I "o "o 


The functional derivative of the integral in expression (68) with re- 
spect to a particular y (1,) is equal to 

N(X,)(i(Xi)dX, (60) 

and is infinitesimal quantity. A similar consideration holds about 
the double integral in expression (59). Physically this is quite intel- 
ligible. If g, depends on the y’s of very many individuals, the change 
in the value of y of only one individual will not appreciably affect the 
value of Xi . Hence from expression (56), with great approximation, 


dx% /, 

— a.l, 

9yi \ 


^ ^ 2 2 hiykVi \ 
2 (hVk / ’ 


(61) 


Therefore equation (67) gives 





(62) 


each individual maximizes his own St , then the values of Vt’s are 
found frdm. N equations 



( 63 ) 
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Th^y are the coordinates of the point O in an A?' dimensional hyper- 
space. The point O is the point of intersection of the N hypersurfaces 
given by equations (63) . If we have the condition that 

95 

—^>0, (t^k) (64) 

dVk 

and if dSt/dyn tends to zero for large values of yi, , then by a similar 
argument as before, we can prove that the point Oi , which corre- 
sponds to the solution of the system 


0jS 'dSi 

— + 2 — 

9l/i 1*. 9y. 


(65) 


lies further from the origin than the point 0 , and thus corresponds 
to larger values of . From, what was said above, the values of 
dSk/dy^ will tend to zero for N ^ co. But the expression 2 idSi./dyt) 

will remain finite. 

For the case of two individuals, condition (64) follows from in- 
equalities (27). It can, however, be seen from equation (66), that 
already for W = 3 , dxJZyu ia not always positive. Hence, in this case 
the conclusions of section I may not hold for N individuals. 

Consider, however, for the case of two individuals the expres- 
sions 

a;i = <^yi(l + 0*1/11/2) ; 

«a= 021/3(1 + fhViV^) , 


The corresponding expression for N individuals is 


Xy — Oj^/i (1+22 ^TilVkVl ) . (67) 

Tt I 

Whereas expressions (9) and (10) correspond to the assumption (7)» 
expression (66) corresponds to 

*1 + aSj = Oil/i + 0,2/, + OiOsl/i*!/* + fluOsl/il/a* • (68) 

The total amount of goods produced increases in expression (68) 
much more rapidly with the y^s than in expression (7). In other 
words, expression (68), (66) and (67) correspond to ttie case where 
cooperative effort is more beneficial than in expression (7) , 
Expression (67) gives 


^>0, 

01/Ik 


( 69 ) 
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Introducing this into equations (57), we find that now conditions 
(64) are satisfied and, moreover, that dSi/dVh. 0 when Uk oo. 

Hence, if the nature of the production of goods is such that the 
total amount of goods produced increases sufficiently strongly with 
cooperation, maximizing of S leads to greater values of a:’s , y’s , and 
of the S^’s , than maximizing the individual S,’s , A “collectivistic” 
principle will in this case lead to a greater satisfaction for each in- 
dividual than will the “individualistic” principle. 

The case of a division of goods in a constant ratio can be studied 
m a similar way. The comparison of the two cases for N individuals 
presents greater difficulties, however, and shall not be considered here. 

It must be repeated again that the conclusions reached here hold 
only in so far as the initial assumptions hold. By changing the form 
of the satisfaction function we may obtain different results. We may 
ask for what forms of the satisfaction function these results will 
hold in general. Inasmuch as the form of the satisfaction function 
chosen above is psychologically plausible, the conclusions reached in 
this chapter possess the same amount of plausibility. 

The more complex our industries become, the more they are bene- 
fited by proper cooperation. Some of them, in fact, could not be open- 
ated by a group of absolutely independent individuals. Thus, in manu- 
facturing shoes it may be advantageous for 1,000 shoemakers to work 
in an organized way, with a proper division of labor. But it is also 
quite possible for each of them to work quite independently, so that 
each one performs all the operations necessary in the production of 
the shoes. Consider on the other hand the production of automobiles. 
While 1,000 individuals working in cooperation may produce them, 
it will be practically impossible for the same 1,000 individuals to pro- 
duce automobiles if they work absolutely independently. In the case 
of automobiles the effect of cooperation is much more pronounced 
than in the case of shoes. 

With tlie growth of such industries, in which cooperation is para- 
mount, we should thereafter expect that a greater satisfaction for 
each individual will be obtained through the application of the “col- 
lectivistic” principle, in the .sense defined at the beginning of this 
chapter, than throu;^ the application of the “individualistic” prin- 
dple. 
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CHAPTER XX 

INDIVIDUALISTIC AND COLLECTIVISTIC SOCIETIES, 

CONTINUED 

In the previous chapter we learned that under certain condi- 
tions which determine the effectiveness of cooperation, a '‘collectivis- 
tic” behavior leads to greater satisfaction to every individual than 
the “individualistic” behavior. In this chapter we shall discuss the 
problem from the point of view of the interaction of the active and 
passive classes. Such a study throws some light on the mechanism of 
possible transitions from one type of society to another. 

It must be emphasized again that all the conclusions of this chap- 
ter hold only as long as the fundamental assumptions made here hold. 
Although these assumptions may appear rather plausible, nevertheless 
a number of factors which have been left out of consideration in this 
simplified, theoretical approach may alter the conclusions appreciably. 

Consider an area S populated by a total of N individuals, of 
whom Ni belong to class II , the organizing class, and Ns belong to 
class III . We shall neglect class I at present and put Ni — 0,&o that 

Nj + N, = N. ( 1 ) 

As in chapter v, we shall again speak of classes II and III, and of 
individuals of type II and type III . An individual of type II is one 
who has organizing abilities. An individual of type III is passive. 
Class II is the class originally composed of individuals of tsrpe ZZ; 
class III is the class originally composed of individuals of lype IIIj 
With time, individuals of type III appear in class II and vice versa. 

Let the individuals of dass II organize a group of N'^ individuals 
of class in to perform some productive work which otherwise the in- 
dividuals of class III cannot perform as efficiently. If N'a < Ns , then 

N\=N,-N'» <2) 

individuals of class III remain unorganized. Each of them will pro- 
duce an amount ps of goods for himselfi, and consume an amount c, . 
In order that they may subsist, it is necessary that 

Pa — Cg ^ 0 . 

The relation between the Nn individuals of class 11 and the N't indi* 
viduals of class 'III may be described by equations discussed in chap- 
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ter V. Wc shall add horo, however, another important consideration 
which brings the situation closer to reality. 

As the N individuals settle within the area S , we may, for sim- 
plicity, consider that each one of them receives, on the average, an 
amount 


of land. This land is used not only for agricultural purposes, but for 
any kind of industries, such as mining, etc. It must be remembered 
that in the ultimate analysis any natural resource, used in any indus- 
try, comes from the land. In making the assumption (4), we disre- 
gard the possibility that some individuals may obtain areas of land 
with rich soil suitable for agricultural purposes; some others may 
obtain land with rich mineral deposits suitable for mining ; still others 
may possess large water areas suitable for fishing, or areas suitable 
for hunting. Such disparities in the values of land possessed are of 
great importance, and simplification of the problem is the only excuse 
for neglecting them at present. In the future elaboration of the the- 
ory, such disparities will have to be taken into account. Even neg- 
lecting them, however, wo shall obtain some rather interesting results. 

However, a single individual can actually make use of only a 
limited amount of land. Let that amount be So . The quantity So is 
determined by the individual’s capacity for work and by the techni- 
cal facilities at his disposal. Wiih the improvement of the latter, So 
will increase. But for very small average densities of population, such 
as were present m the early stages of human history, 

> S 

s„«s = -. (6) 

N 

tinder those conditions an amount of land 

S\=S-N8o ( 6 ) 

remains free or unused. 

We shall now consider a somewhat more general situation than 
the one discussed in chapters v and vii. In return for their "organiz- 
ing services,” let the individuals of class 11 not only retain a substan- 
tial fraction of goods produced by the N's individuals working under 
their supervision, hut also require nghts of possession to tiie lands 
belonging to the N'z individuals. Actual history justifies the consid- 
eration of such an assumption. Moreover, it is psychologically a very 
natural one for if the individuals of class 11 have to control effici- 
ently the utallzatiop of the land possessed by the individuals of 



INDIVIDUALISTIC AND COLLECTIVISTIC SOCIETIES 


169 


class III, they will naturally wish to have that contiol extended as 
far as actual property rights. On ihe other hand, if an individual of 
class III finds working under the organizing direction of individuals 
of class II is beneficial, so that after deduction of the fraction of goods 
which goes to class II he still is left with an amount much larger 
than Pa i then any such individuals will readily agree to transfer the 
property rights to his land to class II . At this stage, the acquisi- 
tion of property may be regarded as a land of compensation for the 
greater organizing abilities. 

In general, it will also happen that when working under the su- 
pervision of an organizing class, each individual of type III will be 
able to take care of more land than when working unsupervised. 
Therefore, the amount of land for every individual of type II will be 
not So(l + N'a/Ni), but 


83 — S02 a© 



(7) 


where > a© . 

Hence, while each of the N“a individuals remains in the posses- 
sion of an area s , each of the N, individuals now possesses an amount 
given by equation (7) . 

Instead of equation (6) for ihe unused land, we now have 

Sn = S --N3S03 — N3S0 - (8) 

The quantity Si will be the greater, the greater the number of 
individuals of class III which the individuals of class II can organize 
and supervise. The ratio N\/N« , and therefore the value of Sa , will 
be a function of the means of communications. With improvement oi 
the latter, N's/N^ , and hence 83 , will increase. Thus N'b/Ns and Ss are 
in general functions of the time t . 

The N'b individuals of class III are now deprived of land prop- 
erty, but because of their work under the supervision of class II , they 
are better off than the W3 individuals of which each has an area s© 
of land. 

Wiih time, the total number N of individuals will increase. Let 
us consider the case of a constant profile society, so that with increas- 
ing W , the ratio JVs/N^b remains constant. Because of the dissimilaiv 
ity of progeny and parents, some of the progeny of class II will be of 
type III , while some of the progeny of class III will be of type II , If, 
as is usually the case in human society, the ownership of any land is 
hereditary, then eventually large portions of land will belong to in- 
dividuals who are not capable of organizing its exploitation. On the 
other hand, amongst the progeny of the Wa individuals, whom we 
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shall refer to as class IIP, there will appear individuals of typo II 
capable of organizing work for other individuals of typo III . If the 
individuals belonging to class II but being of type III do not relin- 
quish their property rights to such individuals of type II but of class 
III , then a logical outcome for the latter is to use some of the free 
land Su given by equation (8) , and organize the work of some of the 
N'\ individuals of class III , taking in return for that organization 
possession of their land. Thus Su will decrease. 

If we consider the case in which the population increases expo- 
nentially, then for a constant profile, denoting by Not and Not the 
initial values of Na and Na , and by /8 a constant, we have from equa- 
tion (8) 

Su it) =S~ Note^* Sot it)- Noae^^ SoH). (9) 

As we said above, Soa it) and So it) increase in general with t , For the 
special case where Soait) = Sot — Const., and So(i) = So = Const., the 
time to at which Su becomes zero is given by 


to = 


1, S 

— log . 

P NotSot h No^So 


( 10 ) 


If, as was said above, the ratio NU/Na increases with time, then 
because of 


Nt Nt 


-—!= Const. , 

Nz 


( 11 ) 


the ratio N''a/Na decreases. Depending on tlhe expression of N'a/Na 
as a function of time, the ratio N''a/Nt may even become zero, either 
before or after Su becomes zero. 

For all times t < to when > 0 , we have a condition of “equal 
opportunity” for any individual of type II regardless of whether he 
is born of parents of class 11 or III , During this period of time each 
individual of type II may interact with a given number of individuals 
of type III in a manner described in chapters v and vi. He will let every 
individual of type III work for him for such a fraction 6 of goods pro- 
duced which makes the profit of the “supervisor” or "organizer” a 
maximum. The usual equations of mathematical economics’^ may be 
used to describe the economic interaction of the different individual^ 
of type * It must be emphasized that the existence of a positive 
provides a kind of large “class mobility.” Any individual of type II 
bom from parents in class III can hiinself become, due to > 0 , an 
individual of class II . 

We also notice that under those conditions both the Na individ- 
uals of type n and the N'a individuals of type HI stand to gain from 
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such an interaction. The only ones who do not gain anything are the 
N"b individuals of type III . In a social group with a sufficiently large 
ratio Ni/Ni , the number N''^ will be zero. In that case, for Su > 0 
or t < U, the cooperation between individuals of type II and those of 
type III will result in an advantage for everybody, although the fun- 
damental principle under which such a cooperation works will be the 
maximizing of the rate of increase of wealth of class II . That class, 
in the usual parlance, may be considered as the capitalistie class, and 
we thus see that for sufficiently large values of N^/N., and for t < to 
the “capitalistic” system results in a benefit for the social group as a 
whole, so that everyone is satisfied. 

When the ratio Ni/N, is not sufficiently large, so that N\ > 0 , 
then two things may happen: 

a) If the net excess e. of production over consumption for the 
N"^ individuals is positive, those individuals will be able to continue 
existence as a “poor class.” It is natural to assume that the net rate 
of reproduction of the N", individuals, due to the poorer conditions of 
health, increased mortality, etc., will be less than that of the in- 
dividuals of class II or of the N\ individuals of class III . In this case, 
the ratio iVi'VN’', will tend to zero. The “poor” class will become rela- 
tively less and loss numerous. We may make different plausible as- 
sumptions about the dependence of the not rate of increase of popu- 
lation on the economic conditions, and then develop corresponding 
expressions for the decrease of the ratio N'\/N'a with time. 

b) If e, < 0 , then the group of N\ “poor” individuals actually 
dies out. 

Hence, if the initial conditions as given by Non and No\ are such 
that to is sufficiently large, then for that period of time a stable so- 
ciety will exist in which active class II interacts with a passive class 
III in such a way as to maximize the wealth or profit of class II , and 
this interaction will result in a benefit for both classes. 

Things become different, however, for t> U when = 0 . Now 
if an individual of type II is born in class III , he does not have the 
same opportunity as an individual of type II and class fl . Due to 
the graded nature of the supervisory and organizational work, he 
may do some amount of the latter, but he will have no property rights 
to the land which is possessed by an individual of class TI . Gradually 
a group ir of active individuals of type 11 belon^ng to class HI will 
be formed. Whereas an essential part of the bdiavior of class II con- 
sists of maintaining the idea of the saeredness of property rights, the 
group ir will oppose this idea. Since aU individuals of the group IP 
belong to class III , they will insist on the ownership rights for the 
whole class III . For the passive individuals of type HI belonging to 
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class III , the existing intei*action of classes is still beneficial, but for 
the gi-oup ir it is not- To break Ihc existing status, the logical, and 
perhaps even more, the psychological, way is to propound some ideas 
of public ownership ot natural resources as well as of means of pro- 
duction. 

With time the number Nt" of individuals of group W increases, 
according to equations developed in chapter xiv. If we consider the 
case of constant coefficients of influence, then the time at which the 
group //' will gain control and impose its ideas on the whole society 
is given by equation (20), chapter xiv, with a coriesponding change 
in notation. If, on the other hand, we have the situation described on 
page 32 of chapter in, then to a certain extent the shift towards the 
new, "collectivistic” ideas is continuous. Denoting by x the number 
of passive individuals of class III who exhibit the behavior advocated 
by class II (saeredness of ownership), and by y the number of indi- 
viduals who exhibit the behavior advocated by the group //', the ratio 
x/y is given by equation (34) of chapter iii in which we now put 
Xo = Nt;yo = Nj". We thus find: 

Since from equations (5) to (15) of chapter xiv, N , , Na" and 
2V.' are given as functions of time, equation (12) represents the 
spread of "collectivistic” ideologies, measured by the number of its 
followers, as a function of time. 

Under the condition discussed above, the capitalistic system will 
become unstable after a certain time t* > to , given by equation (20) 
of chapter xiv. 

tW the capitalistic system of private ownership and maximiz- 
ing the rate of accumulation of wealth of the organizing class will be 
stable up to t = to . Since with an increase in used land the total 
amount of production of goods will increase as decreases, the capi- 
talistic system will reach its optimum conditions at i = to when 
= 0 , From then until either a gradual social change of be- 

havior and economic ideologies will take place, or at f =; t* a , sudden 
change vdll bring a substitutioi^ of a new type of economic ideology 
,for the old one* 

Let us, however, consider the ease where any individual of type 
IT may, by correspondingly greater effort in his productive work, 
accpmuiate sufficient ^alth to buy properly rights from individuals 
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of class 11 . This amounts to an unlimited mobility between the two 
classes. If the mobility goes in both directions, then individuals of 
type III born in class II will pass into class III , a phenomenon ac- 
tually known in history. Let us consider the case where the principle 
of private enterprise and maximizing of individual profits holds. Then 
the Ni individuals of type II and class II may form competing en- 
terprises. We may apply to this case the equations used in mathe- 
matical economics. G. Evans’ gives two somewhat different equations 
for the limiting number n of competitors, above which no profit is 
possible. We 'shall use Evans’ notations except for putting — a in 
place of his a , so that in our equations a > 0 . Consider his equation 
(22) (Reference 1, page 32) . We have 

n^j{b-Bay. (13) 

The coefficients a and b determine the total demand y for a given 
price p ; thus 

j/ = — ap-fb. (14) 

But for a given price the total demand is proportional to the total 
number of buying population, that is, roughly proportional to N. 
Hence, denoting by Ua and ba two constants, we have 

a = floN; b-boN. (16) 

The quantity B is essentially proportional to the price of labor. As N 
increases, when S,, = 0 , the total amount of natural resources per 
capita decreases, and the amount of labor required to produce the 
same amount of goods increases also. Therefore the cost of produc- 
tion, and hence both A and B , increase with N . To a, large extent this 
is counteracted by technological improvements. But no matter how 
great those technological improvements, for a constant S , when N be- 
comes infinite, B (N) must also become infinite. The coefficient A (N) 
does not necessarily need to become infinite for W = oo. The quantity 
K , as defined by G. Evans,^ is also likely to increase with N . We 
thus have 

KiN) 

Since B(oo) = w, therefore, for a finite value N* o£ N , n will 
have to be zero. The value N* found as the root of tile equation 
aJB(N) J=bo. 

With increasing N , or density of population, pidvate competition 
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under tlie principle of maximizing the individual profits eventually 
becomes impossible. 

The only other al tenia tive under* the principle of maximizing in- 
dividual profits is to form a monopoly or trust, dividing the total 
profit between all members. The profit in that case is (Reference 1, 
page 6) : 


[K-BmaoVN^ 
4ao[l \-a,NAiN):\N 


C{N). 


(17) 


With increasing N , regardless of the form C {N) , n becomes zero 
for a value Nj* <N* o£N . This will make the economic system, based 
on profit, impossible. The first term of the right side of equation (17) 
is always positive and tends for 2^ = oo to 


njeo) 

4A(oo)’ 


(18) 


and the whole right side tends to 

B{o^) 

4A(oo) 


C(co). 


(19) 


If the total profit n remains finite, then, since Ns increases as W , the 
individual share of profit for evei'y member of class 11 will decrease. 
Tt will decrease even if n becomes infinite, as long as 


BjN) 
4.A (A?) 


CiN) 


increases with N leas rapidly than N . Under either of these condi- 
tions, the situation eventually arises where the profits per individual 
become too small, and the only way out of the difficulty is to keep the 
size of class II limited, by bo& preventing acceptance into class II of 
individuals 11% and by expelling from class II individuals III% name- 
ly those of type III bom in class II . But then a situation like the 
one described above will arise; namely, group IF will become strong 
enough to seize control of the situation and will introduce a behavior 
based on the denial of property rights to land. 

It appears that no matter how we look at it, for t> U the “capi- 
talistic” system, based on maximizing the profit of the “organizing” 
class, will not lead to a situation in which everyone benefits, as is the 
case for t < f 0 , Sv > 0 - 

The passive individuals of type III in class III, left alone, would 
be satisfied with the bating airangeraents with class II . But the 
active individuals IF in dass III , not having the opportunity to do 
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iho same orfyanizing work as the individuals II in class II , will or- 
ganize the passives ol class III and inhuenee them to stand against 
class II , which sometimes results m advantages both to class III and 
to individuals //', This may be the origin of organized labor move- 
ments. The intensity of the movements, as measured for instance by 
the membership in difTercnt unions or by the number of unions, is 
again given by an equation in the form of equation (12) . A mathe- 
matical theory of labor movements can thus be developed and checked 
against available statistical observations. 

The whole situation may be viewed from a still different angle. 
Consider the case, discussed in chapter v, pages 47-48. We found then 
that 


o„">e^'>e,n. ( 20 ) 

Moreover, wo found that in order for the society to exist, we must 
have 


( 21 ) 

/(>;) 

whore ml , jmb and e stand for w, , «». and bj of chapter v. For p, > 0 
inequality (21) is always satisfied. With increasing population den- 
sity, however, p , is bound to become negative and to increase in abso- 
lute value. Inequality (21) may then bo written 


6 . 


IPsUh f it]) 


( 22 ) 


The quantities vh and w, also increase with N , but they have upper 
limits Wflo and Woi • Hence with increasing N , S must increase even- 
tually, and for some value of N the value of 0 which satisfies inequal- 
ity ’(22) will be greater than , which maximizes the rate of in- 
crease of wealth of class II . It will eventually come close enough to 
6m', tho value which maximizes the total rate of increase of wealth 
of the whole society. Things will be happening as if, instead of using 
the principle of maximizing profit for the organizing class, tho total 
welfare of iJie society were maximized. 

If 6 increases further and becomes near or equal to 6m' ^ then a 
situation may arise, where individuals of class III have a greater profit 
than those of class II , though class II supervises their work. Under 
these drcumstances individuals of class II are likely to pass volun- 
tarily into class III , and the whole system loses its organization. At 
the present stage of the theory, it is impossible to predict what will 
happen under those circumstances. 
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In the preceding chapter wo x’eraarked that developments of mod- 
ern complex industries are likely to ci’cate a condition under which 
a “collectivistic” behavior is more satisfactory. In this chapter we 
find that a transition to "collectivistic” behavior is determined by the 
vanishing of . Since 5,, vanishes the sooner, the more rapidly i?,,* 
and So grow with time, and since the increase of the latter is directly 
connected with engineering and industrial developments, therefore 
we again conclude that engineering developments create conditions 
which bring forth a change from “individualistic” to “collectivistic” 
behavior. 

This also throws some light on the question why various socialist 
doctrines have become so prominent in the last few decades, although 
the differences between working classes and organizing classes existed 
for milleniums. The condition = 0 may be becoming satisfied prac- 
tically throughout the whole world. In previous centuries S,, > 0 was 
satisfied in most of the world. 
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CHAPTER XXI 


SOME CONSIDERATIONS OF THE HISTORY OF A 
FEW NATIONS 

In principle, the considerations of the preceding chapters should 
enable us to describe the general course of history of a nation, pro- 
vided the initial conditions at a given time and the types of inter- 
actions occurring in the population are prescribed. We have seen in 
chapter xiv that with a constant profile of the society, but with lim- 
ited interclass mobility, the duration of a given type of social struc- 
ture would be of the order of few hundred years. It is interesting to 
note that this order of magnitude actually occurs in history. The Ro- 
man Empire lasted about 500 years, the French monarchy about 1,000 
yoai's, the Russian monarchy about 400 years. 

The variation in profile of a society which affects botli the compo- 
sition of the total active group and its relative size, introduces com- 
plications but does not change fundamentally the orders oC magni- 
tude involved. The type of interaction taken as the basis of discus- 
sion in section III of chapter xiv soems to be the most likely. As has 
been pointed out on page 123, such a type of interaction may or may 
not lead to discontinuities in the social structure. 

Some general considerations may be indicated here in regard to 
what determines the initial conditions of a society. 

We have considered hitherto principally two types of active in- 
dividuals; the military-administarative and the organizing. We point- 
ed out, however, that actually there are many other types present 
(chapter vi, page 63). In particular, the class representing various 
religious and philosophic activities, in their broadest sense, may be 
very pronounced. Denoting the number of individuals in that ela.ss by 
Zo , we may have a situation where Zo/ (»» + + 2o) is almost equal to 

1 , while {Co/ (Xo -1- Vo + !?o) « 1 and «„/ (cco -I- i/o + Xo) « 1 . As was 
remarked before (page 63), this may be representative of such 
countries as India and China. 

We may also have to consider the class of active individuals in 
the field of pure arts. Let us denote their number by . A country 
may have a rather large relative value of iio/N and yet the absolute 
value of (xo + Vo)/^ may be small. The pre-revolutionary Russia 
apparently did not have a high value of i/o/N , as indicated by the 
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rolativoly small number of discovoi-ies and inventions (cf. chapter 
xvii, Fi^re 2) . But if we consider the per cap,ita production of Rus- 
sia in the field of music, literature, or painting, wo find a figure well 
comparable to that of any other countiy. A country deficient in in- 
dustrial and military organization may rank high in art. 

There is anoth^^er important point contrasting art activities with 
military, industrial; and even scientific, activities. A genei-al without 
an army or an executive without employees are unreal abstractions. 
An inventor without a well organized industry to use and promote 
his inventions is also of no more than a limited value. All those active 
people need a sufficient number of passive ones in order to enable their 
activities to survive. Even a purely scientific discovery made by a 
great man is developed and improved by many lesser scientists. This 
is not so with art. Here the activity is attached practically to one 
individual. Passive ones are not essential for artistic creations to 
last. Few scientists now read Newton or Huygens in the original, their 
creations having been digested and developed by generations of sci- 
entists. But we still listen to Bach’s or Beethoven's music essentially 
as it was written by Bach or Beethoven. Thus the artistic activities 
of a social group are governed by relations different from those gov- 
erning other social behavior. 

The conditions which determine the sizes and compositions of ac- 
tive groups in different nations could theoretically be traced to the 
beginning of humanity, and present essentially a biological problem. 
As humanity originated somewhere on the Central Asiatic Plateau 
and began to spread, those social groups which had large values of 
Xo/N and Vo/N were more likely to move away to a greater distance 
in search of either conquests or more earthly goods than those groups 
chai’acterized by a large z^/N and small Xo/N and Vo/N . We would 
therefore expect the nations in the immediate neighborhood of the 
“cradle of humanity” to have a small value of (®o 4- y^) /N and a 
large value of Zo/N . The above-mentioned cases of China and India 
fit into this picture. 

If the initial migration goes Into uninhabited places and is of- 
fered relatively little resistance, we may expect that nations with large 
i/o/(»o + yoYs will be involved. These are led by active individuals 
who are primarily interested in improvement of the conditions of life 
and in accumulation of wealth. On the other hand, subsequent migra- 
tions, which are connected with conquests, will involve nations with 
a large s = »<,/ (iCo + yo) . It is possible that the prehistoric migrations 
into Europe were of the first those of the 4th and Stii Centuries 
A.D. of the second. It would be of interest to develop an abstract the- 
ory of the phenomenon and thus obtain the composition of the active 
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class of each nation as a function of the distance it had to travel and 
of the time when the migration occuried. 

The westermost nations in Eui*ope would therefore be expected 
to have had originally a rather large value of = i/o/(*<i + l/o)* 
while in the East larger values of Xo/(Xo + Vo) would prevail. 

It is of interest to observe that the early Russians in the 8th- 12th 
Century A.D. were essentially trades people. There was not much of 
the purely Russian military, the military functions being performed 
by the Norsemen, who originally foimed a sort of hired army. The 
general setup of the social life at tiiat time was what would be termed 
"democratic” now ; the controlling class was the industrial and trade 
class. 

From the 12th Century the situation changes, the social profile 
showing an increased ratio of Xo/iXo + Vo). This may have been due 
to several causes. First, there might have been a change of a nature 
discussed in chapter xv. Then, the infusion of Tartar blood with the 
large value of Xo/(xo + Vo) in the population would have the same 
eifect. The constant fighting may have produced conditions more fa- 
vorable to the survival of the military class. 

From about the 13th or 14th Century the history of Russia may 
in general be described on the basis of a constant composition of the 
active group with a large value of s . We originally have the closed 
ruling class of the princes, allegedly of Norse descent, which eventual- 
ly thins out, approximately as described in chapter xiv, section I, and 
has to cede control to active individuals of the same type who are 
bom of the pas£^ive class. This transition takes place at the time 
of John the Terrible, 16th Century, and is, in a way, characterized by 
a drastic social revolution. The new ruling group again forms a closed 
class, that of the landed nobility, which lasts until 1917, to give way 
again in the manner described in chapter xiv, section I, to rulers 
born of the passive class, who are in some respects, however, of a simi- 
lar type. In spite of a drastic change of ideology and social structure 
in the directions discussed in chapters xix and xx, the regime in Soviet 
Russia is in Ha methods reminiscent of the Imperial regime. 

Prance, as we should expect, begins with a large a in the Middle 
Ages, the value of Xo/N being large enough, so that the thinning out 
process takes a millenium. However, if a sufficiently large industrial 
class is present, then when the military class is thinned out, the fol- 
lowing situation may arises 

Using the notations of section I of chapter xiv, we may have two 
situations: either > n^, or < nj*. The symbol A now refers 
to the military class; B, to the industrial In the former case, if 
the inequality is sufficiently strong, gains control. In ithe sec- 
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oucl case the industrial class, takes couirol since the individuals 
of typo A are divided against themselves— part belonging to class I , 
part to class 11. But although the total number of in- 

dividuals A remains gi*eater than ns" for a constant profile; thus vr'- + 
’* 1 / > Therefore, eventually, after a sulTicicnt lapse of time, type 
A again gains control. The time necessary for this can be estimated 
from considerations of chapter xiv, section I, to be of the order of 
JOO years. 

In England there seems to have been initially (1066) a fair bal- 
ance betv een 0*0 and 1 / 0 , with a preponderance of tlie former, and a 
giadual shift towards the present preponderance of Vo . It seems to 
be the case of a variable composition of the active group, in other 
words, of a variable s . 

The history of the United States presents a unique feature. That 
country was created by emigres who revolted against the autocratic 
regimes of Europe and therefore represented a selection of people of 
the organizing and industrial class. Hence, we have Ihe American 
democracy from the beginning. Due to the difference between par- 
' ents and progeny, the active industrial class in the United States grad- 
ually “thins out,” and a shift towards smaller values of j/«/(a!o + Vb) 
occurs. Various governmental controls introduced since 1932 may be 
considered as a consequence of it. To what extent this shift towards 
governmental control will continue cannot be predicted on the basis of 
the present theory. , 

The unprecendented depression of 1932 may well be a case of 
loss of control by the “thinned out” industrial class, of the type dis- 
cussed in chapter xviii. 

History is difficult to describe mathematically because we have 
hardly any data of a quantitative nature. There is, however, one set 
of data that are definitely quantitative; these are the chronological 
points of sudden social changes or revolutions and wars. We might 
represent the course of historic events in a country by equations de- 
veloped in previous chapters, choosing the parameters so as to give 
the chronology of the discontinuous changes correctly. Due to the 
oversimplifications used in the theory, this would as yet have little 
meaning. A further improvement of the theory seems to be indicated 
along the lines of chapter xvij by considering not one active group 
but two or more. Considering two active groups, a militafy and 
an industrial one, we should put the death rates as functions of the 
available natural resouirces on one hand, and of the ratio Vb/N on the 
other hand. We might in this way find gaaeral changes in profile 
which, by, varying thaparameters, could be applied to all nations. One 
could also develop a theory of the connection between chnsideBations 
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of chapter iii and those of chapter vi, section II. The one deals with 
control of the passive population, the other with mutual relations of 
classes. 


» 



CHAPTER XXII 


THE DYNAMICS OF PHYSICAL CONFLICT 
BETWEEN SOCIAL GROUPS 

In previous chapters we discussed the relations which govern the 
influence of a relatively small gi'oup of “leading” individuals upon 
the behavior of the larger number of other individuals. These con- 
siderations may bo applied at first in ahstracto to a rather interest- 
ing and important social problem, namely, to the physical conflict be- 
tween two large groups of individuals, each being led by a correspond- 
ing smaller group. A large number of social phenomena, ranging from 
street riots to wars involving two or several nations, correspond to 
the abstract picture which we shall discuss here. 

Consider two populations, one (population 1) composed of M , 
the other (population 2) , of N individuals. I^et most of tlic individuals 
belong to type 11 , which we shall again call the “passive type.” Lei 
Xu individuals in tho first and Xn individuals in the second population 
be of type I , the “active type.” Suppose that the active groups of the 
two populations are in mutual conflict and that they endeavor to in- 
fluence the other individuals in their populations in such a way that 
they would participate in the conflict. In general, each population 
may have two groups of .active individuals of opposite behavior; a 
number x , for instance, wishing a conflict and a number y opposing 
it. The behavior of the whole population will then be determined by 
the considerations of chapter iii which led to expressions (8) and (9) 
of that chapter. For simplicity, we shall consider here the case in 
which there is no opposing group. We may then use expressions (8) 
in which we make y^ — Q , and for Xo and N of that expression we 
may substitute Xm and M or, correspondingly, ojy and N . Thus both 
populations will participate as a whole in a conflict, if 

iBjr > - M; N, (1) 

Rqj “t" Qfi Ctos i ^2 

The coefficients ch and am and, correspondingly, a, and have the 
same meaning as a and Oo of chapter iii. The subscripts are added to 
take into account possible differences in the constants for the two 
populations. 
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Putting 




cti 




Orni “I" fl » 


= ,• 


we may write inequality (1) thus: 


( 2 ) 


Xu > r^M ; x>i > VsN' . ^ 3 ) 

Let the conflict consist of an actual destruction of the individuals of 
one population by those of the other. The same considerations, how- 
ever, will apply to the ease where, instead of an actual destruction, we 
have just a temporary elimination by putting the individuals “hors 
de combat.” For brevity we shall use the word “destroy.” 

Let each individual of population 1 destroy fci® individuals of 
population 2, while each individual of population 2 destroys indi- 
viduals of population 1. We then have 


dM 

dt 

dN 

dt 


k/N; 


hm. 


(4) 


Wo may consider the more general case in which and Asi® are dif- 
ferent for the active and passive individuals. We shall limit ourselves 
first to the more restricted case, however. 

Equations (4) integrated by the standard method give: 


M = +UMo + ^No)e-*^*; 

2 \ rCx / 2 ' iCi f 


(5) 


fc* = — + hjct . '(6) 

The quantities JVo and Mo are the total number of individuals fpr 
t~0. 

If Mo > ikt/Jih)No , then M consists of two positive terms, one 
increasing, the other decreasing. For t = 0 , M = Mo , the first term 
increases, the second decreases. The increase is, however, leas rapid 
than the decrease. Therefore M wiU first decrease, then increase. 
But from the first equation (4) it follows that when M reaches a 
minimum, so that dM/M = 0 , we also have N ’=^ 0 . Thus at the 
moment i = U*, at which M has a mlnimum> N^O. This means that 
at ^ = if*, the secojiid ^fiulhtion becomes'ctuhpletely destroy^ and 
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conflict ceases through a victoiy of the first. After that moment tlicro 
is no further conflict, so that M does not actually increase. 

If Mo < then M becomes zero, while N reaches a 

nunimum. 

While the leaders of the two populations will in general partici- 
pate in the active conflict, they may be exposed to the danger of de- 
struction to a different extent than the passive individuals. If their 
exposure to danger is the same as that of the passive individuals, we 
have: 

dxu _ Xu dM 

~dI~'Mlir‘ 

(7) 

dxs _ Xs dN 

~Jt If IT’ 

which integrated gives 


= Const. ; = Const . 

M N 


( 8 ) 


Under these conditions, if inequalities (3) were satisfied at the be- 
ginning, they will remain satisfied throughout the conflict and the 
conflict will therefore continue until one of the populations is com- 
pletely destroyed, that is, until either t = These values 

are obtained respectively as tho roots of the equations M = 0 and 
M = 0 , into whi^ we substitute expressions (5) and which wo solve 

kt 

for t. If M« < — Mo, then is imaginary, while 


t 




1 



^No + Mo 

h 

K 


(fl) 


kx 

If Mo > r- Ma> then ti* is imaginary and 
ki 


V = 



Mo + “Mo 

K 

" fci 


( 10 ) 


jgeneraly wo phall have instead of equations (V) 
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dXu _ / 


Y' dM 

(U) 

dt \ 

M , 

) dt 


dXy _ I 


Y‘ dN 

(12) 

dt \ 

N 

/ di ' 



where m and n may be either smaller or greater than one. 
Equations (11) and (12) give: 



dxu 

_dM 

(13) 


aju™ 



and 





dXy 

_ dN 





(14) 


a:v" 

N» ■ 


Equations 

(13) and (14) give: 




1 

1 




77--+Gx 

(16) 



M**' ^ 


and 





1 _ 

~ l-C*. 

(16) 



N»-i 



Cl and Ca are integration constants determined by the requirements 
that for M == Mo , aitf — Xoir and for N ~ No , noir — Xoy , where Xou and 
Xoj, are the initial values of Xu and Xn . This gives: 

’ * No^^Xoy"-^ 

For m < 1 and 91 < 1 , (7x < 0 and C« < 0 . For w > 1 and w > 1 , 

Cl > 0 and Ca > 0 . Equations (16) and (16) give: 


f^L = ’“"'/ZZIZZ, 1 . (18) 

For m < 1 , Xit/M decreases with decreasing M , because in that case 
Cl < 0 . The same thing holds for Xu/N . If ft < 1 , the destruction 
of the active individuals in the first population goes on more rapidly 
than that of the passive. As a result, Xir/M decreases and if it be- 
comes so small that < r,M , while for the other population we still 
have Xjf > TiN , then the active group can no more influence the pas- 
sive individuals and make them continue the fight The population, 
stops fighting, becomes demoralized, although at this moment we may 
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still have iW S iV . Similar ronsiclorations hold lor Iho second popu- 
lation, On the other hand, iX m > 1 and n''-’ 1 , then Xir/M and av/N 
increase and the fight continues until one of the populations is com- 
pletely destroyed. 

We thus have a quantitative intorpretataon for the "breakdown 
of morale," which is usually a rather elusive notion. 

For m < 1 , the “breakdown" of the first population occurs at 
the moment at which 



which, because of equations (18), gives: 



(19) 


( 20 ) 


Introducing into equation (20) the expression for M from expressions 
(6) and solving with respect to 4 , we thus find the moment i, . In a 
similar way, wo find the moment is at which the second population 
would break down if the conflict continued. Depending on whether 
< 4 or ii > A » the first or the second population will be dofbatod 
in the conflict. 

Such consideraiions as the above cannot of course apply to such 
complex phenomena as a war involving several nations at once. Some 
general considerations on that subject may, however, bo of interest. 



CHAPTER XXUI 

OUTLINE OF A MATHEMATICAL THEORY OF WAR 


In a previous chapter we outlined a theory of physical conflict 
between two social groups, both consisting of “active” and “passive” 
individuals. Such a physical conflict, as we have seen, may cither end 
in a complete physical destruction of one of the groups or else in a 
“breakdown of morale” of one of the groups, even though its physical 
strength still remains appreciable. This “breakdown of morale” occurs 
if and when, due to the differential rates of destruction of active and 
and passive individuals, the relative number of the former drops be- 
low the critical value necessary for the control, for the leading, of the 
latter. 

Those considerations were confined to purely temporal relations, 
neglecting possible shifts in space of the fighting groups. In reality 
such shifts in space fonn a very important part of any physical con- 
flict, be it a street not or a war, but especially m the latter. We 
shall therefore attempt to take these shifts into consideration. 

Denoting by m and n the numbers of individuals in the two con- 
flicting populations, we have for the rates of destruction of the popu- 
lations in absence of spatial shifts equations (4) of chapter xxn; 


with 



An 

At 


—■kim, 


ki>0 and Ik* > 0 . 


( 1 ) 

( 2 ) 


* 

In actual warfare the combatant groups do not usually remain 
on the same spot, but one of them sooner or later begins to retreat. 
The causes determining the retreat are manifold, frequently of 
a psychological nature. We may consider here as one of the pos- 
sibly important causes the relative rate of destruction of the group, 
(1/n) {Am./ At) or (1/w) {dm/ At). Assuming that at least at the be- 
ginning of the conflict there is a sufficient excess of actives over 
the required minimum threshold values, the psychological factors in 
retreat will be secondary. But for purely physical considerations, 
when the relative rate of destruction of a group exceeds a certain 
fraction a , (0 < a < 1) , the only way to decrease this rate of de- 
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strucliou may bo lo put temporarily a aufliciojitly safe distaneo be- 
tween that group and the enemy. Suppose that 

1 dm 

m dt 

As long as the absolute values of both expressions are less than 
a , the fight will continue on the same place. But if 



i (In 


n dt 


(Ji) 


1 dm 1 


1 dn 
n dt 


< a, 


(4) 


then the first group will retreat. 

The faster it retreats, the fewer will be its losses. If we denote the 
speed of retreat by Uj , then the losses will be decreasing with in- 
creasing Vx ■ When Vx reaches a value Vox' at which the enemy can- 
not catch up with the retreating group, the losses will be zex-o. As 
group I retreats, group 11 will follow; but the retreat of group I in 
general lessens the losse^ it can inflict on group 11 . Thus Uie rela- 
tive losses of group II will also decrease with increasing Vi , but in 
general according to a different law. Within a sulliciently small I’ange 
wo may put the losses of gi'oup I proportional to (Voi' — 'I'l), and 
those of group II proportional to (vnt" ” Tt), where Toi" is another 
constant. 

Relations (1) and (3) give 


fcjW. fciWl 

— > — or 
m It 


fcgTi® > fcjm®. 


( 6 ) 


Hence if m and n are approximately equal, tho group with a smaller 
h will retreat. 

Inasmuch as it usually is in the interest of both fighting groups 
to possess as niueh territory as possible, the retreating group will 
adjust its velocity of retreat v to the possible minimum, namely, it 
will make Vi just large enough to keep the relative losses just below a . 

Instead of equations (1) we now have, denoting by and jS* two 
coefficients, 

d/m 

{Voi —vOn; 


dn 

dt 


1 dm 


Vt)m; 


( 6 ) 


m (it 


a. / 
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If /c, , jfca and a remain constant througiiout the whole process of 
conflict, then the third equation gives us m directly as a function of 
time. By substituting that function into the first equation, solving it 
for 71 , and diflfcrontiating with respect to t , we obtain, together with 
the second equation, a system of two non-linear first order simultane- 
ous equations for the determination of n and Vt as functions of time. 

Actually it is more likely that kt ,K, and a themselves are vary- 
ing during the process of war. The more territory that remains be- 
hind the retreating army, or the more there is to fall back on, the 
greater the tendency to spare the fighting strength, and the smaller 
the a . Hence a will in general be an increasing function of the dis- 
tance retreated, or 


a = F 



( 7 ) 


The coefficients A;, and fca will also vary in general They depend 
primarily on the technical equipment of the two fighting groups, such 
as the amount and quality of ammunition, fighting machinery, trans- 
portation, etc. In other words, they depend on the industrial produc- 
tivities of the two fighting countries. These in turn are the greater, 
the greater the natural resources and therefore the larger the area 
of the territory held. Both sides will tend to increase their k , and 
the simplest assumption which wo can make is that within certain 
limits the rate of increase of fc’s is proportional to the territory hold. 
Of course eventually the values of k should reach saturation values. 
We thus have approximately, denoting by Sn and Soj the areas of the 
territory held initially by the two belligerents. 


■^ = 02 + 6a V, dt) . 


( 8 ) 

( 9 ) 


The quantities Oj , 6i , Oa and 6a are constant coefficients. Of Hiose 
6a and 62 are largely determined by the geometrical shape of the ter- 
ritories involved. 

The more complete system of equations which govern the process 
of fighting is now: 

dmji) 


fiiki (t) [Vqj' 


( 10 ) 
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dt 


y.(OJ mil); 


( 11 ) 


1 dmji) 
mit) dt 


= -F(^fvdt) dt'^ 


( 12 ) 


and equations (8) and (9). These non-lineai' lulegrodifferontial equa- 
tions determine the five functions %(i)j mit), v^,it), fc^it), and ^^(f)- 
Even if we solve the system of equations (8)“U2), we shall not 
determine completely the course and outcome of the conflict. Two 
more factors have to be considered. 

The initial conditions which determine the solution of the sys- 
tem (8)- (12) are supposed to be such that inequalities (5) hold and 
that group I retreats. If the solution of the system (8) -(12) is such 
that in the course of time the inequality (6) becomes reversed, then 
from that time t* on, the second group begins to retreat. This does 
not mean a mere change in sign of Vi , but an actual discontinuity in 
the system of solutions. For t > t* we have a similar system of equa- 
tions, in which for Vi , Vti, and Voi" we must substitute Vi , t>o/, and Voa", 
and use as initial condition the values m (i*) , n it *) , fci (i*) , and it *) . 
The movement now proceeds an the opposite direction. Another re- 
versal may in principle occur again at h* > t* , and so on. 

We may try to avoid this rather inelegant situation by compli- 
cating somewhat further our system of equations. We may put, with 
0 as a coeflicient, 

V — c(fcii%*— ’fciW*), (13) 

f 

a positive v meaning the retreat of group I . We now may put, for in- 
stance, 


dm it) 


dt 

dnit) 


dt 

dJcdt) 

dt 


■§.h(t)iVor'-c {k,it)n'‘it)-hit)mHt)}); 
■§tkiit){Vn''-r '0 [fe»(t)7i*(t) —kiit)m*it)'i}; 


(14) 


■<h{Sn-~biC f t(fet(<)«*(t) -^fci(t)w*(t)]dt}; 

Equation (12) is now superfluous since the speed of retreat la 
determined by > , 

The second^'fi^tonto be cbnsid^red is the ohainge in the ratios Qi 
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actives to passives in both groups. Denote the number of active in- 
dividuals in group 7 by ail , in group 11 by . Denote correspondingly 
the number ox" passives by 'j/j and , so that 

Xi + yi = m; Xi + y^ — n. ( 16 ) 

Since usually Xi « yi , x^ « , therefore approximately 


yi = nt; yt — n. 


(16) 


The relative losses of the actives and passives will in general be 
different. Hence 


dxi/di _ Xx dXi/dt _ Xi 

dvx/dt yx’ dy^/dt j// 


(17) 


where yi and yj are in general different from 1. Denoting by Xn,ym.» 
Xm , and i/o 2 the initial values of Xx ,Vx,Xi, and y* , we have from equa- 
tion (17): 


Xi Xqi Xi Xoi 

— ' ^ ■ — ■ 


(18) 


or because of (16) : 


— = Biwr'-t ; — = Bin'll ’ . (19) 

V\ y. 

Til the course of the conflict, m and v decrease. Tf, as is likely 
to bo the case, j', > 1 and y. > 1 , then Xx/Vi and Xt/vt decrease even 
more rapidly than m and n. The system of equations (8)- (12), or 
the alternate system (14) , gives us m and n as functions of time. Equa- 
tions (19) then give us Xx/Vi and x^fyt as functions of time. If at 
any time ft either Xx/Vx or Xi/Vi drops below the threshold hn. or ha, de- 
termined by the considerations of chapters iii and xviii and neces- 
sary to maintain the influence of the actives over the passives, then 
that group for which this occurs ceases fighting even though physi- 
cally able to continue. Thus it may occur that group I will begin |q 
throw group II back, yet eventually break down before group II is 
completely expelled from the territory of group I . 

Equations (8) -(12) or (14) together with (19) determine if and 
when this will happen. If the solution of equations (8)- (12) or (14) 
is such that both Xi/Vx and Xt/vt never drop below their correspond- 
ing thresholds, iho conflict ends when either morn becomes zero. 

Any attempt at solving the system (8)-(12) or (14) with even a 
remote exactness would be very difficult. As an illustration of what can 
in principle be obtained from such a mathematical approach, we shall 
consider the simple case of equations (6) , and even &ia we shall treat 
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only approximately and under some vory CTudo ovorsimplifyiiig as- 
sumptions. 

Let us consider the Tollowing situation. Group II attacks group 
1 , having beforehand provided for a maximum possible hi , so that 
inequalities (5) are satisfied, and group 1 retreats, ft. remaining con- 
stant. But fti will increase according to equations (8). However, we 
shall make the rather artificial assumption that the phenomenon of 
retreat continues in such a way os if fti remained constant, equal to 
its initial value ftoi . Only when fti has increased sufficiently to reverse 
inequality (5) will its full value be used. While this assumption is 
in a way artificial, it is psychologically plausible. The constant ft, 
determines the strilung power of group I , not its power of defense. 
An army may well retreat without much attempt to slow down or to 
hit back until it has accumulated all the necessary striking power. 

Furthermore, we shall assume o to be constant and 


— /Sj ^ I ^01 ^01 — '^0 • 

With the above assumptions the first two equations (6) give 


dn 

dm 




m 

n 


'k/ 


( 20 ) 


since we assumed that until h becomes sufficiently large, things hap- 
pen as if it had a constant value. Equation (20) gives 

n* = fem*4-C, (21) 

where C is determined from the requirement that when m has its ini- 
tial value mo , n has the initial value no . This gives: 


n= + no’’ — km/. 

The third equation (6) gives 


m , 


( 22 ) 

(23) 


while the first and the third give 

fti,)S(vo — t»j)n = aw . 

Equations (22), (23), and (24) now give 

amo c®* 

' - — . 

4- no® — ftmo® 


(24) 


(26) 


For sufficiently large values of t , when a is not too small, equation 
(25) may be written approximately thus: 
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V, = Oo 


yC ; y : 


amo 


(26) 


— /(Wo* 

The coelRciant y is real because oX inequalities (5) . 

While the conflict goes on as if fci were constant, the "potentiar’ 
value of /ci inci eases according to equation (8). Hence, from expres- 
sions (26), 


dki biv 

— = tti [Soi — biV„t + — (1 — e-"*) ] , 
at a 


(27) 


or, integrating, 

ki = ftoi + Oi (Sai + " j t ■ 


( 28 ) 


When the “potential” value of fcj , as given by equation (28) , becomes 
so large that upon substitution into inequalities (6) it reverses that 
inequality, then group I takes the offensive. To compute the “poten- 
tial” value which ki must reach to that effect, we must substitute an 
equality sign into (6) , and solve it for fct . This gives 


ht 


W ' 


(29) 


Because of expressions (^2) and (20) , equation (29) may be written; 


or 


h~k,+ 






w* ’ 



(30) 

(31) 


The time is determined by equating (28) and (31) and solving for 
i. To do this approximately, we expand the exponential in expression 
(28) and break off at the quadratic terms. The equation for the de- 
termination of f then becomes 


^ (t;o-y) ( 82 ) 

2 

We always have Vi<Va, and this holds also for t “ 0 . Hetoce. because 
of equations (26): 

Vq — y > 0 . (38) 

In order for equation (32) to have any real roots atall, mu$t 
have 
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If inequality (34) holds, then equation (32) has either only a single 
positive root, or two positive roots. In the latter case the smaller one 
iriuat be chosen, since inequalities (6) hold lor t = 0 . Thus we find 




UiSoi ’ 2fti&i(‘Vo y)^ ^ 

tti&i (Vo — y) 


(35) 


Condition (34) is necessary but not sufficient for the first group to 
take the offensive eventually. In order to have this actually happen, 
it is necessary that at the time t* the ratio a;,/ 2 /i still remains above 
fhe necessary threshold A-t • 

The first equation of (19) together with (23) gives, because of 
expressions (16) and (18) 

(36) . 

Vi Wo 

Hence, in addition to inequality (34) , we mUst have 

(37) 

If both inequalities (84) and (37) hold, then at t* the first group be- 
gins the offensive. This in itself does not mean that it will even- 
tually win the fight, for beginning with t — t*, the struggle is de- 
scribed again by equations of the form (6) , in which we now have 7'^ 
instead of v, , and as initial condition we have the values m(t*) and 
%(f*) of w and « at f = t*. It may happen that during the course of 
the retreat of group II , will irop below hi sooner than sCj /y, will 

drop below h* , Whether and when this happens can be determined 
by considerations rather similar io the ones above. Fluctuations back 
and forth are possible depending on the values of the different con- 
stants or group II may break down before group I . 

' But by applying the above reasoning, it is always possible for 
the simpler case, contemplated here, to predict the outcome of the 
struggle and its total duration if all constants entering into equa- 
tions (6) and ( 8 ) , as well as the initial conditions, are given. 

If the second term of the discriminant of (82) is much smaller 
than the firs^then by factoring , expanding the radical in ex- 
pression ( 8 $) , and retaining only the linear term, we find fhe expres- 
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sjon I'or L* simplifies to 


t* 




koi 


dtSoi 


while inequality (37) becomes 


(38) 


k^Tio^ 

i 1 

^ 1 agpi 

ftiSoi (yi— l)a mofei ' 


(39) 


The conditions for an eventual offensive after an initial retreat 
are the better, the larger Soi , the larger tn-o and Kx , and the smaller 
yi and a . 

We may consider that and «o will depend largely on the total 
populations M and N of tho conflicting countries, as well as on their 
population densities. More densely populated countries will have a 
larger tendency to expand and will keep a proportionally greater 
army before the struggle. Plausibly we may put 


M 

nh^fl7r> 

Ool 


N 

S 


(40) 


where ij is a constant, the same for all countries. Or we may take a 
more complex case: 


rrh==M (^1 + + (41) 


with two constants and . 

In this case the different conditions, such as (84) and (37) ex^ 
press necessary relations between such quantities as the total popu- 
lations, total areas, and the relative size of the active groups, all quan- 
tities that have already been introduced into mathematical sociology. 
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